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My office hours are 10:00-11:30 on Wednesdays and Fridays, in 709 Evans Hall. I can be
reached by telephone at (64)2-2150 and electronic mail at serganov@math. You are welcome to ask
questions by email. Homework assignments and course notes can be found on my web page http://
math.berkeley.edu/ serganov. First homework assignment is due on Friday, September 9

There is no required text for this course. Good references are Fulton, Harris, Representation
Theory,Serre, Linear Representations of Finite Groups, Curtis, Reiner, Representation
Theory of Finite Groups and Associative Algebras,Gabriel, Roiter, Representations of
Finite-dimensional Algebras. I will try to post course notes regularly on the web.

To understand this course you need basic knowledge of Algebra and a good knowledge of Linear
Algebra. In other words you have to know basic facts about groups and rings and you should feel
very comfortable when working with linear operators.

Each Friday I will give you a problem assignment (2-4 problems) on the material of the week
lectures. The homework will be collected the next Friday.

The grade will be computed according to the following proportions: 50% for your homework
and 50% for the take home final. But if you solve all problems in your final (there will be hard ones
in it) you get A for the course.

Course outline

e Representations of groups. Definitions and examples

e Schur’s Lemma. Complete reducibility in case of zero characteristic
e Characters and orthogonality relation

e First examples: abelian groups, dihedral group D,,, S3, Ss, A5 e.t.c.
e Induced representation. Frobenius reciprocity. Mackey’s criterion

e Representations of associative rings. Density theorem. Semi-simple rings, Wedderburn’s the-
orem. Decomposition of a group algebra

e Representations of non-semisimple rings. Blocks. Injective and projective modules

e Representations of symmetric groups, Young diagrams and Frobenius formula

e Representations of general linear group, Weyl duality and Schur’s polynomials ( if time permits)
e Complex representations of linear groups over finite fields, Hecke algebra

e Compact groups and their representations. Peter-Weyl theorem

e Real representations and representations over subfields of C'. Schur indices

e Artin’s and Brauer’s theorems

e Representations of quivers. Definition and examples

e Gabriel’s theorem

e Representations over fields of nonzero characteristic (if time permits)
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1. SOME PROBLEMS INVOLVING REPRESENTATION THEORY

Hungry knights. There are n hungry knights at a round table. Each of them
has a plate with certain amount of food. Instead of eating every minute each knight
takes one half of his neighbors servings. They start at 10 in the evening. What can
you tell about food distribution in the morning?

Solution. Denote by x; the amount of food on the plate of the i-th knight. The
distribution of food at the table can be described by a vector x = (x1,z2,...,2,) €
R™. Every minute a certain linear operator ® is applied to a distribution x. Thus, we
have to find lim ®™ as m approaches infinity. To find the limit we need to diagonalize
®, and the easiest way to do this is to write

T+ T4
o = ;’
2
where 7' is the rotation operator:
T(x1,...,x0) = (Tpy X1,y ooy Tpey) -

It is easy to see that the eigenvalues of T" are the n-th roots of 1. Hence the eigenvalues
of ® are M, where ¢ is a primitive root of 1, k = 1,...,n. The set of eigenvalues

2
of @ is
27k
{COSLU{::L...,TL}.
n

Let us chose a new basis {vy,...,v,} in C" such that

2k
dv,, = cos —ug.
n

_ (~—k -2k —nk
Forexample,wecanputvk—(s LETN L e ).

If n is odd all eigenvalues of ® except 1 have the absolute value less than 1.
Therefore if x = a1vy + - - - + a,v,, then

- 2rk\™
lim "z = Ii — = A, Un.
im ®"x im Zak (cos - ) Vp = AnU

m—0o0 m—0o0

k=1

Date: August 30, 2005.
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But v, = (1,...,1). Therefore eventually all knights will have the same amount of
food equal to the average %

In case when n is even the situation is different, since there are two eigenvalues
with absolute value 1, they are 1 and —1. Hence as m — oo,

P"x — (—1)" apjovy 2 + antn.

Recall that v, = (—1,1,—1,...,1). Thus, eventually food alternates between even
and odd knights, the amount on each plate is approximately a"i; "2 where
T+ -+, r1— T2+ — Iy
Up = —————————, Qpj2 = .
n n

Slightly modifying this problem we will have more fun.

Breakfast at Mars. It is well known that marsians have four arms, a standard
family has 6 persons and a breakfast table has a form of a cube with each person
occupying a face on a cube. Do the analog of round table problem for the family of
marsians.

Supper at Venus. They have five arms there, 12 persons in a family and sit on
the faces of a dodecahedron (a regular polyhedron whose faces are pentagons).

Tomography problem. You have a solid in 3-dimensional space of unknown
shape. You can measure the area of every plane cross-section which passes through
the origin. Can you determine the shape of the solid? The answer is yes, if the solid
in question is convex and centrally symmetric with respect to the origin.

In all four problems above the important ingredient is a group of symmetries.
In the first case this is a cyclic group of rotations of the table, in the second one
the group of rotations of a cube, in the Venus problem the group of rotations of
a dodecahedron (can you describe these groups?). Finally, in the last problem the
group of all rotations in R?® appears. In all cases the group acts on a vector space via
linear operators, i.e. as we have a linear representation of a group. The main part of
this course deals with representation of groups.

Linear algebra problems. Every standard course of linear algebra discusses the
problem of classification of all matrices in a complex vector space up to equivalence.
(Here A is equivalent to B if A = X BX ! for some invertible X.) Indeed, there exists
some basis in C”, in which A has a canonical Jordan form. The following problem is
less known.

Kronecker problem. Let V and W be finite-dimensional vector spaces over
algebraically closed field k, A and B : V — W be two linear operators. Classify
all pairs (A, B) up to the change of bases in V and W. In other words we have to
classify pairs of matrices up to the following equivalence relation: (A, B) is equivalent
to (C, D) if there are invertible square matrices X and Y such that

C = XAY, D = XBY.
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Theorem 1.1. There exist decompositions
V:Vl@...@vk, W:WI@...@Wk,

such that A(V;) C W;, B(V;) C W; and for each i < k there exist bases in V; and W;
such that the matrices for A and B have one of the following forms (here 1, denotes
the identity matrix of size n, J,, the nilpotent Jordan block of size n ):

A=("). B=(,) . n>0
A= (1,0), B=(0,1,), n > 0;
A=1,, B=J, n>1
A=tly+J,, B=1,,n>1tek.

2. REPRESENTATIONS OF GROUPS. DEFINITION AND EXAMPLES.

Let k denote a field, V be a vector space over k. By GL (V') we denote the group
of all invertible linear operators in V. If dimV = n, then GL (V') is isomorphic to
the group of invertible n x n matrices with entries in k.

A (linear) representation of a group G in V' is a homomorphism

p:G— GL(V).

The dimension of V' is called the degree or the dimension of a representation p and
it may be infinite. For any s € G we denote by ps the image of s in GL (V') and for
any v € V we denote by psv the image of v under the action of p;. The following
properties are obvious:

pspr = pst, pr = 1d, p.t = per, ps (20 4 yw) = Tpv + ypsw.
Examples.
1. Let G = Z with operation +, V = R2, p, is given by the matrix

1 n
0 1

for n € Z.
2. Permutation representation. Let G = S,,, V = k™. For each s € S, put

Ps ($17 s >In) = ($s(1)> s >$s(n)) .

3. Trivial representation. For any group G the trivial representation is the homo-
morphism p : G — k* such that p;, =1 for all s € G.
4. Let GG be a group and

FG)={f:G—k}

be the space of functions on G with values in k. Forany s € G, f € F(G) and t € G
let

psf (t) = [ (ts).
Then p : G — GL (F (G)) is a linear representation.
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5. Regular representation. Recall that the group algebra k (G) is the vector space of
all finite linear combinations ) ¢,g, ¢, € k with natural multiplication. The regular
representation R : G — GL (k (G)) is defined in the following way

R, (Z cgg) = chsg.

Two representations p : G — GL(V) and o : G — GL (W) are equivalent (or
isomorphic) if there exists an isomorphism 7" : V' — W such that for all s € G

Tops=o0s50T.

Example. If G is finite then the representations in examples 4 and 5 are equivalent.
Indeed, define T : F (G) — k (G) by the formula

T(f)=> fleg™

geG

Then for any f € F (G) we have
T(psf) =Y psf(9)g™ =D flgs)g™ =D f(h)sh™ =R, (Tf).

geq geG heG

3. OPERATIONS WITH REPRESENTATIONS

Restriction on a subgroup: Let H be a subgroup of G. For any p : G — GL (V)
we denote by Resy p the restriction of p on H.

Lift. Let p : G — H be a homomorphism of groups. For every representation
p: H— GL(V), pop: G — GL(V) is also a representation. We often use
this construction in case when H = G/N is a quotient group and p is the natural
projection.

Direct sum. If we have two representations p: G — GL (V) and 0 : G — GL (W),
then we can define p @ o: G — GL (V @& W) by the formula

(p®0), (v,w) = (pov, o).

Tensor product. The tensor product of p: G — GL (V) and 0 : G — GL (W) is
defined by the formula
(PR0),v QW= psv @ osw.

Ezterior tensor product. Let p: G — GL (V) and 0 : H — GL (W) be representa-
tions of two different groups, then their exterior product pXo : GXx H — GL (V @ W)
is defined by

(P O) 0 @ W= psv @ oyw.
If 6 : G — G x G is the diagonal embedding, then

pRo=(pXo)od.
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Dual representation. For any representation p : G — GL (V') one can define the
dual representation p* : G — GL (V*) by the formula
< pip, v >=<p,p;lv >

for any v € V, p € V*. Here <, > denotes the natural pairing between V' and V*.
More generally, if p: G — GL (V) and ¢ : G — GL (W) are two representations,
then one can naturally define the representation 7 of G in Homy, (V, W) by the formula

Tep =0s0p0p; ' s€G, ¢ € Homy (V,W).

4. INVARIANT SUBSPACES AND IRREDUCIBILITY

Given a representation p : G — GL (V). A subspace W C V is called invariant if
ps (W) C W for any s € G. One can define naturally the subrepresentation

pV G — GL(W)
and the quotient representation

o:G— GL(V/W).
Example. Let p: S, — GL (k™) be the permutation representation, then

W=A{(z1,....,2,) |21 =20 =+ =1, }
and
W' ={(z1,...,%0) | 21+ 22+ - + 2, = 0}

are invariant subspaces.
Theorem 4.1. (Maschke) Let G be a finite group and char k do not divide |G|. Let

p: G — GL(V) be a representation and W be an invariant subspace. Then there
exists another invariant subspace W' such that V. =W & W',

Proof. Let W" be a subspace (not invariant) such that V=W @& W". Let P: V — V
be the linear operator such that Py = Id and P (W"”) = 0. Then P? = P. Such
operator is called a projector. Let

_ 1
P = @Zpgopopg_l.
geG
Check that ps o P o p;! = P, and hence ps 0o P = P o p, for any s € G. Check also
that By = Id and Im P = W. Hence P? = P.
Let W' = Ker P. First, we claim that W’ is invariant. Indeed, let w € W', then
P (psw) = ps (Pw) = 0, hence p,w € Ker P = W'.
Now we prove that V = W & W'. Indeed, W N W' = 0, since Py = Id. On the
other hand, for any v € V, we have w = Pv € W and w’ = v — Pv € W’. Thus,
v =w + w', and therefore V =W + W', O
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In the previous example V = W & W’ if chark does not divide n. Otherwise,
W C W', and the theorem is not true.

If G is infinite group, theorem is not true. Consider the representation of Z in R?
from Example 1. It has the unique one-dimensional invariant subspace, therefore R?
does not split into a direct sum of two invariant subspaces.

A representation is called irreducible if it does not contain a proper non-zero in-
variant subspace.

Exercise. Show that if char k does not divide n, then the subrepresentation W’
of the permutation representation is irreducible.

Lemma 4.2. Let G be a finite group, p : G — GL (V) be an irreducible representa-
tion. Then dimV < |G].

Proof. Take any non-zero v € V/, then the set {p,v} . spans an invariant subspace
which must coincide with V. Hence dim V' < |G|. O

Example. Let p: G — GL (V). We claim that p ® p is irreducible if and only if
dimV = 1. Indeed the subspaces S*V, A’V C V ® V are invariant and A*V = {0}
only in case when dimV = 1.

A representation is called completely reducible if it splits into a direct sum of
irreducible subrepresentations.

Corollary 4.3. Let G be a finite group and k be a field such that char k does not
divide |G|. Then every finite-dimensional representation of G is completely reducible.

Proof. By induction on dim V. O

5. SCHUR’S LEMMA

For any two representations p: G — GL (V), 0 : G — GL (W) let
Homg (V, W) ={T € Homy (V,W) | 050 T =T o ps,s € G}.
An operator T € Homg (V, W) is called an intertwining operator. It is clear that

Homg (V, W) is a vector space. Moreover, if p = o, then Homg (V, V) = Endg (V) is
closed under operation of composition, and therefore it is a k-algebra.

Lemma 5.1. Let T' € Homg (V, W), then KerT and Im T are invariant subspaces.

Proof. Let v € Ker T, then T (psv) = ps (Tv) = 0, hence ps;v € KerT.
Let w € ImT. Then w = Tw for some v € V and psw = ps (Tv) = T (psv) €
ImT. U

Corollary 5.2. (Schur’s lemma) Let p : G — GL(V) and ¢ : G — GL (W) be
irreducible representations of G, then any T € Homg (V, W) is either isomorphism
or zero.

Proof. Since both V' and W do not have proper invariant subspaces, then either
Im7T =W, KerT = {0} or ImT = {0}. O
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Corollary 5.3. If p: G — GL (V) is irreducible then Endg (V) is a division ring. If
the field k is algebraically closed and V' is finite-dimensional, then Endg (V') = k1d.

Proof. The first assertion follows immediately from the Corollary 5.2. To prove the
second, let T € Endg (V) and T # 0. Then T is invertible. Let A be an eigenvalue of
T and S =T — Ad. Since S € Endg (V) and Ker S # {0}, by Corollary 5.2, S = 0.
Thus, T'= A1d. U

Corollary 5.4. Let G be an abelian group, p : G — GL (V') be an irreducible finite-
dimensional representation of G over algebraically closed field k. Then dimV = 1.

Irreducible representations of a finite cyclic group over C. Let G be a
cyclic group of order n and g be a generator. By Corollary 5.4 every irreducible
representation of GG is one-dimensional. Thus, we have to classify homomorphisms
p: G — C*. Let p, = ¢. Then clearly € is an n-th root of 1. Therefore we have
exactly n non-equivalent irreducible representations.

Irreducible representations of a finite abelian group over C. Any finite
abelian group is a direct product G x - - - X G}, of cyclic groups. Let g; be a generator
of G;. Then any irreducible p : G — C* is determined by its values p,, = €;, where

5LGi| = 1. Hence the number of isomorphism classes of irreducible representations of
G equals |G].

Remark 5.5. It is not difficult to see that the set of one-dimensional representations
of G is a group with respect to the operation of tensor product. In case when G is
finite and abelian and k is algebraically closed, all irreducible representations are one
dimensional and form a group. We denote this group by GY. As easily follows from
above GV = G when k = C, however this isomorphism is not canonical.

Here is another application of Schur’s Lemma.

Theorem 5.6. Let p = py @ - D pp = 01 D -+ - ® 04y, Where p;, 05 are irreducible.
Then m = k and there exists s € Sy such that p; = o).

Proof. Let V' be the space of a representation p. There are two decompositions of V'
into the direct sum of irreducible decomposable subspaces

V=Vig---aV,=W1d---dW,,.

Let p; : V' — W; be the projection which maps W to zero for j # i, ¢; : V; — V be
the embedding. Then p; € Homg (V, W;) and ¢; € Homg (V;, W). The map

m k
F=3% pog:®f,V,— oW
i=1 j=1
is an isomorphism. There exists i such that p; o ¢ # 0. (Otherwise F' (V}) = 0
which is impossible.) Put s (1) = ¢ and note that p; o ¢ is an isomorphism by Schur’s
Lemma. We continue inductively. For each j there exists ¢ such that p; o ¢; is an
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isomorphism and ¢ # s(r) for any r < j. (Indeed, otherwise F' (Vi & ---@V;) C
Wiy @ -+ @ Wyj—1y) which is impossible because F' is an isomorphism.) We put
i = s(j). Thus, we can construct an injective map

s:A{L ...k} —{1,...,m}

such that p; = 0,;). In particular, k& < m. But by exchanging p; and o; we can prove
that m < k. Hence k = m and s is a permutation. O



PROBLEM SET # 1
MATH 252

Due September 9.

1. Classify irreducible representations of Z over C.

2. Classify one-dimensional represenations of S,, over any field k such that char k #
2.

3. Let p be an irreducible representation of G and ¢ be an irreducible representation
of H. Is it always true that the exterior tensor product of p and ¢ is an irreducible
representation of G x H?

Date: August 30, 2005.
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1. CHARACTERS

For any finite-dimensional representation p : G — GL (V) its character is a func-
tion x, : G — k defined by
Xp (8) = trps.
It is easy to see that characters have the following properties
(1) xp (1) = dim p;
(2) if p = o, then x, = Xo;
(3) Xowo = Xp + Xoi
(4) Xowo = XpXo
(5) Xp (8) = xp (s71);
(6) xp (Sts ) =X, (t).

Example 1. If R is a regular representation, then x (s) = 0 for any s # 1 and
xr (1) =1G|.

Example 2. Let p: G — GL (V) be a representation. Recall that p®p =sym@alt,
where alt:G — GL (A?V) and sym:G — GL (S?V). Let us calculate ysym and Xau.
For each s € G let \i,..., A\, be eigenvalues of p, taken with multiplicities. Then
the eigenvalues of alty are A\;\; for all @ < j and the eigenvalues of sym, are \;\; for

1 < j. Hence
Xsym Z )\ )\37 Xalt Z )\ )\_]7

i<j i<j
and therefore
Xsym( Xalt Z )\2 = tr Ps2 = Xp ( ) .

On the other hand by properties (3) and ( )
Xsym (S) + Xalt (S) = Xpxp (S) = Xi (S) :
Thus, we get

X; (5) + X (%)
2

) ()

) Xalt (S) = 2

Xsym (8) =

Date: September 9, 2005.
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Starting from this point we assume that G is finite and k is algebraically closed of
characteristic 0.
Introduce the non-degenerate symmetric bilinear form on the space of functions

F (G) by the formula
1
(f,9) == > F(s7)g(s).
|G| seG
Theorem 1.1. Let p, o be irreducible. If p and o are not isomorphic, then (x,, Xo) =
0. If p and o are isomorphic, then (x,, xo) = 1.

Proof. Let V' be the space of the representation p and W be the space of 0. Denote
n =dmV, m = dimW. Choose a basis vy,...,v, in V, wy,...,w, in W. Define
P(i,j): W — W by

P (Z,]) Ve = 5jkwi.

Lemma 1.2. For any T' € Homy (V, W) let

= 1

T = —ZUSOTO,OSA.

|G| seG
Then T € Homg (V,W). If V=W, then tr T = trT.
Proof. Direct calculations. O
For any T" € Hom (V,W) let Ty denote the corresponding matrix entry. For

example, P (i, 7),, = dixdj. Then

P(i,f)y = |1a > (@) (o)

seG
If o and p are not isomorphic, then by Schur’s Lemma

P ('é>j)kl =0
for all 4, j, k, . In particular, P (4,5);; = 0 and therefore

> D Pl = f@ YD (0)ulpsr)y; =0,

i=1 j=1 i=1 j=1 seG
But o
Z Z (05)si (pS*l)jj = Xo (5) Xp (5_1) :
i=1 j=1
Hence

1 _
@ Z Xcr (S) Xﬁ (S 1) = (Xm Xcr) = 0
seG
Let now p = ¢. The by Property (2), we may assume p = 0. Then by Schur’s Lemma

P(i,j) = \1d.
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Since tr P (i, j) = tr P (4, ) = d,;, we have

P@ﬁ:%m.

Then

which implies (x,, x,) = 1. O

Corollary 1.3. Let p = mip1 @ --- @& myp; be decomposition into the sum of irre-
ducibles. Then m; = (Xp, Xp:)-

The number m; is called the multiplicity of an irreducible representation p; in p.
Corollary 1.4. A representation p is irreducible iff (x,, x,) = 1.

Corollary 1.5. Every irreducible representation p appears in the regular represen-
tation with multiplicity dim p.

Proof.
(Xps XR) = éXﬁ (1) xr (1) = dim p.
0]
Corollary 1.6. Let py,...,p; be all (up to isomorphism) irreducible representations

of G and n; = dim p;. Then
ni+ g =Gl
Example 3. Let GG act on a finite set X and

:{mebmek}.

zeX

Define p : G — GL (k (X)) by

Ps Z byx = Z bys ()
zeX zeX
It is easy to check that p is a representation and
Xp(s)={zeX|s(x)=ua}]

Clearly, p contains a trivial subrepresentation. To find the multiplicity of a trivial
representation in p we have to calculate (1, x,).

0= g e =g D = Y= g 2

s€G s(z) reX s€Gy rzeX
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where
Gy, ={seG|s(x)=uz}.
Let X = X; U---U X, be the disjoint union of orbits. Then |G,| =

z € X; and therefore
1 & |G
L DIpIR
=1 z€X;

Z

1G1 f
or each
| X

Now let us evaluate (x,, X,)-
2

1
23 DR IS SID ST ST
s€G \s(z)=z s€G s(x)=z,s(y)= (z,y)eX XX
Let o be the representation associated with the action of G on X x X. Then the
last formula implies

(Xﬁ? Xp) (1 Xcr) .
Thus, p is irreducible iff | X| = 1, and p has two irreducible components iff the action
of G on X x X with removed diagonal is transitive or |X| = 2.

Let
= {fEf(G) | f(sts_l) :f(t)}.
It is easy to check that the restriction of (,) on C (G) is non-degenerate.

Theorem 1.7. The characters of irreducible representations of G form an orthonor-
mal basis in C (G).

Proof. We have to show that if f € C (G) and (f, x,) = 0 for any irreducible p, then
f = 0. The following lemma is straightforward.

Lemma 1.8. Let p: G — GL (V) be a representation, f € C (G) and

=1l Zf ) ps.

seG
Then T € Endg V and tr T = (f, x,)-

Thus, for any irreducible p we have

(1.1) |Zf s71) ps = 0.

seG

But then the same is true for any representation p, since any representation is a
direct sum of irreducibles. Apply (?equi?) for the case when p = R is the regular
representation. Then

|G|Zf )R |G|Zf )

seG seG
Hence f(s7')=0forall s € G, ie. f=0 O
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Corollary 1.9. The number of isomorphism classes of irreducible representations
equal the number of the conjugacy classes.



PROBLEM SET # 2
MATH 252

Due September 16.

In this problem set the field is algebraically closed and has zero characteristic, G
is finite and representations are finite-dimensional.

1. Show that the statement of Problem 3 in the first problem set is correct under
above assumptions.

2. Let p: G — GL (V) be a representation. Show that each irreducible subrepre-
sentation of V' has multiplicity 1 iff Endg V' is a commutative ring.

3. Let GG be the subgroup of quaternions of 8 elements, that contains +1, i, &7, +k
with relations i? = j2 = k? = —1, i) = k, jk =i, ki = j, ij = —ji, ik = —ki,
7k = —kj. Classify irreducible representations of G over C.

Date: September 8, 2005.
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1. EXAMPLES.

Example 1. Let G = S3. There are three conjugacy classes in G, which we
denote by some element in a class:1,(12),(123). Therefore there are three irreducible
representations, denote their characters by xi, x2 and xs3. It is not difficult to see
that we have the following table of characters

1 (12) (123)
i 1 1 1
Yo 1 -1 1
xs 2 0 -1

The characters of one-dimensional representations are given in the first and the second
row, the last character xs can be obtained by using the identity

(11) Xperm = X1 + X3,

where Yperm stands for the character of the permutation representation.
Example 2. Let G = S4. In this case we have the following character table (in
the first row we write the number of elements in each conjugacy class).

1 6 8 3 6
1 (12) (123) (12)(34) (1234)
i 1 1 1 1 1
Yo 1 -1 1 1 ~1
s 3 1 0 ~1 ~1
xa 3 -1 0 ~1 1
s 2 0 -1 2 0

First two rows are characters of one-dimensional representations. The third can be
obtained again from (1.1), x4 = x2X3, the corresponding representation is obtained
as the tensor product p; = p2 ® p3. The last character can be found from the
orthogonality relation. Alternative way to describe ps is to consider Sy/Vjy, where

Vi={1,(12) (34), (13) (24) , (14) (23)}

Date: September 16, 2005.
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is the Klein subgroup. Observe that S;/V) = S3, and therefore the two-dimensional
representation o of S3 can be extended to the representation of Sy by the formula

Ps =00p,
where p : Sy — S5 is the natural projection.

Solution of the marcian problem. Recall that S, is isomorphic to the group
of rotations of a cube. Hence it acts on the set of faces F', and therefore we have a
representation

p: Sy — GL(C(F)).
It is not difficult to calculate x, using the formula

Xp(s) =[{z € F|s(z)=uz}]
We obtain

Xp (1) =6, x,, (12)) = x, ((123)) = 0, x,, (12) (34)) = x, ((1234)) = 2.

Furthermore,

(Xp» X1) = (Xp, Xa) = (Xps X5) = 1, (Xp, x2) = (Xps X3) = 0.
Hence x, = x1 + x4 + X5, and C(F) = Wy & W, & W3 the sum of three invariant
subspaces. The intertwining operator 7' : C (F') — C(F) of food redistribution must
be a scalar operator on each W; by Schur’s Lemma. Note that

le{Za:HaEC},
zeF
Wy = {Z%I | a, = —amop},

zeF

W‘”’:{Zamwz@m:@“ﬂﬂzamp}’

zeF
where x,, denotes the face opposite to the face x. A simple calculation shows that
Tiw, = 1d, Tiw, = 0, Tjw, = —%Id. Therefore T™ (v) approaches a vector in W; as
n — 00, and eventually everybody will have the same amount of food.
Example 3. Now let G = As. There are 5 irreducible representation of G over
C. Here is the character table

1 20 15 12 12
1 (123) (12)(34) (12345) (12354)
il 1 1 1 1
X2 41 0 ~1 ~1
xs 5 —1 1 0 0
Xa 3 0 -1 14V5  1=v8
s 3 0 ~1 16 1445
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To obtain y, use the permutation representation and (1.1) again. Let ysym and
Xalt be the characters of the second symmetric and the second exterior powers of py
respectively. Then we obtain

1 (123) (12)(34) (12345) (12354)
Xeym 10 1 2 0 0
Xat 6 0 —2 1 1

It is easy to check that

(Xsym» Xsym) = 3, (Xeym, X1) = (Xsymy X2) = 1.
Therefore
X3 = Xsym — X1 — X2
is the character of an irreducible representation.
Furthermore,

(Xalts Xalt) = 2, (Xait, X1) = (Xaits X2) = (Xait, X3) = 0.

Therefore yai; = x4 + X5 is the sum of two irreducible characters. First we find the
dimensions of p,; and ps using

17 + 4> + 5% + nj + ni = 60.
We obtain ny = n5 = 3. The equations
(X1, x1+ x2) =0, (xa,x3) =0

imply

X4 ((123)) = 0, x4 ((12) (34)) = —1.
The same argument shows

x5 ((123)) = 0, x5 ((12) (34)) = —1.
Finally denote

x = x4((12345)) , y = x4 ((12354))
and write down the equation (x4, x4) = 1. It is

1 2 2
@(9+15+12x +12y%) =1,
or

(1.2) r? +y? = 3.

On the other hand, (x4, x1) = 0, that gives
3-15+12(x +y) =0,

or

(1.3) r+y=1
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One can solve (1.2) and (1.3)

T

C1+VE 1-46
- Y 2
The second solution

will give the last character ys.

2. MODULES

Let R be a ring, usually we assume that 1 € R. An abelian group M is called
a (left) R-module if there is a map a: R x M — M, (we write a(a,m) = am )
satisfying
(1) (ab)m = a (bm);
(2) Im =m;
(3) (a+b)m = am+ bm;
(4) a(m+n)=am+ an.
Example 1. If R is a field then any R-module M is a vector space over R.
Example 2. If R = k(G) is a group algebra, then every R-module defines the
representation p: — GL (V') by the formula

PsU = SV

for any s € G C k(G), v € V. Conversely, every representation p: G — GL (V) in a
vector space V' over k defines on V' a k (G)-module structure by

(Z ) 0= apw.

seG seG

Thus, representations of G over k are k (G)-modules.

A submodule is a subgroup invariant under R-action. If N C M is a submodule
then the quotient M /N has the natural R-module structure. A module M is simple
or (irreducible) if any submodule is either zero or M. A sum and an intersection of
submodules is a submodule.

Example 3. If R is an arbitrary ring, then R is a left module over itself, where
the action is given by the left multiplication. Submodules are left ideals.

For any two R-modules M and N one can define an abelian group Hompg (M, N)
and a ring Endg (M) in the manner similar to the group case. Schur’s Lemma holds
for simple modules in the following form.

Lemma 2.1. Let M and N be simple modules and ¢ € Hompg (M, N), then either
@ is an isomorphism or ¢ = 0. For a simple module M, Endg (M) is a division ring.
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Recall that for every ring R one defines R°P as the same abelian group with new
multiplication * given by
axb=ba.

Lemma 2.2. The ring Endg (R) is isomorphic to R°P.
Proof. For each a € R define ¢, € End (R) by the formula
v () = za.

It is easy to check that ¢, € Endg (R) and ¢y, = ¢, © pp. Hence we constructed a
homomorphism ¢ : R°* — Endg (R). To prove that ¢ is injective let ¢, = p. Then
©va (1) = ¢y (1), i.e. @ = b. To prove surjectivity of ¢, note that for any v € Endg (R)
one has

v(x) =7 (@l) =2y (1).
Therefore v = ¢4 (1). 0J

Lemma 2.3. Let p; : G — GL(V;), i = 1,...,l be pairwise non-isomorphic irre-
ducible representations of a group GG over algebraically closed field k, and

V=V eV

Then
Endg (V) = Endy, (™) % - -+ x Endy, (K™).

Proof. First, note that the Schur’s Lemma implies that ¢ (V*™) C V™ for any
¢ € Endg (V),i=1,...,1. Hence

Endg (V) 2 Endg (V"™) X -+ x Endg (V,"™) .
Therefore it suffices to prove the following
Lemma 2.4. For an irreducible representation of G in W
Endg (W®™) = Endy, (™) .

Proof. Let p; : W®™ — W denotes the projection onto the i-th component and
g;: W — W be the embedding of the j-th component. Let ¢ € Endg (W®™).
Then by Schur’s Lemma p; o ¢ o ¢; = ¢;;Id for some ¢;; € k. Therefore we have the
map @ : Endg (W®™) — Endy (K™), (the latter is just the matrix ring) defined by
® (@) = (pij). Check yourself that ¢ is an isomorphism. O

O
Theorem 2.5. Let k be algebraically closed, char k = 0. Then
k (G) = Endk (k‘nl) X oo X Endk (k‘nl) s

where nq,...,n; are dimensions of irreducible representations.
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Proof. By Lemma 2.2
Endy) (k(G)) 2 k(G)” 2 k(G),
since k (G)® = k (G) via g — ¢g~'. On the other hand
B@) =V e a™,

since every irreducible p; : G — GL (V;) appears with the multiplicity n, = dim V.
Therefore Lemma 2.3 implies theorem. U

3. FINITELY GENERATED MODULES AND NOETHERIAN RINGS.

A module M is finitely generated if there exist zq,...,x, € M such that M =
Rz + -+ + Rxy,.

Lemma 3.1. Let
0N MZL-0

be an exact sequence of R-modules. If M is finitely generated, then L is finitely
generated. If M and L are finitely generated, then M is finitely generated.

Proof. First assertion is obvious. For the second let
L=Rxi+...Rxy,, N=Ry; + ... Ryn,
then M = Rp™ (z1) + -+ + Rp~ (za) + R (y1) + -+ + Rq (ym)- O

Lemma 3.2. The following conditions on a ring R are equivalent

(1) Every increasing chain of left ideals is finite, in other words for any sequence
Lchc...,I,=1,1=1,=... starting from some n;
(2) Every left ideal is finitely generated R-module.

Proof. (1)= (2). Assume that some left ideal I is not finitely generated. Then there
exists an infinite sequence of x, € I such that

Tn+1 ¢ Rl’l + ... Rl’n

But then I,, = Rx; + ... Rz, form an infinite increasing chain of ideals.

(2)= (1). Let Iy C I, C ... be an increasing chain of ideals . Let I = U,I,.
Then I = Rxy + ... Rx,, where x; € I,,;. Let m be maximal among ny,...,n,. Then
I = I,,,, and therefore the chain is finite. 0J

A ring satisfying the conditions of Lemma 3.2 is called left Noetherian.

Lemma 3.3. Let R be a left Noetherian ring and M be a finitely generated R-
module. Then every submodule of M is finitely generated.
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Proof. Let M = Rxy + ... Rx,, the there exists a surjective homomorphism p :
R&---® R — M, such that

p(rlw-wrn) =781+ -+ 1Sy

As follows from the first part of Lemma 3.1, it suffices to prove the statement for a
free module. It can be done by induction using the second part of Lemma 3.1.
O

Let R be a commutative ring. An element x € R is called integral over Z if
" + an_1x + -+ 4+ ag = 0 for some a; € Z. This condition is equivalent to the
condition that Z [x] C R is finitely generated Z-module. Complex numbers integral
over C are usually called algebraic integers. Obviously, if a rational number z is
algebraic integer, then z € Z.

Lemma 3.4. The set of integral elements in a commutative ring R is a subring.

Proof. If Z|x] and Z[y] are finitely generated over Z, then Z[z,y| is also finitely
generated. Let s € Z [z, y], then Z [s] is finitely generated since Z is Noetherian ring
and we can apply Lemma 3.3.

U

4. THE CENTER OF THE GROUP ALGEBRA k (G)

We have assumptions chark = 0, k = k, G is a finite group. Let Z (G) denote the
center of k (G). It is obvious that

Z(G) = {Zf(s)sleC(G)}-

seG
On the other hand, by Theorem 2.5 we have

k(G) = Endy, (E™) x - -+ x Endg (K™).

Therefore Z (G) is isomorphic to k! as a commutative ring. Let e; denote the identity
element in Endy, (k™). Then ey, ..., ¢, form a basis in Z (G) and

eiej = 05, L =e1 +---+eyp.
For an irreducible representation p; : G — GL (V;) we have

Lemma 4.1. If x; = x,,, ni = dim V;, then

(4.2) e; = @ Y xi(s) s
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Proof. We need to check (4.1). Since p; (e;) € Endg (V;), we have p; (e;) = A d. To
find X calculate

1
tr p; (€;) Xz 1 (X Xj) = 0ggm.
el P> e v
O
Lemma 4.2. Define w; : Z (G) — k by the formula
1

W; (Z ass) = Z asxi(s)
Then w; is a homomorphism of rings and

w=(wi,...,w): Z(G) =k
is an isomorphism.
Proof. Check that w; (e;) = §;; using again the orthogonality relation. O

Lemma 4.3. Let u = Y ass € Z(G). If all a, are algebraic integers, then u is
integral over Z.

Proof. Let ¢ C G be some conjugacy class and let
O = Z s.

If ¢y, ..., are disjoint conjugacy classes, then clearly Zo., +- - - +Zd,, is a subring in
Z (G). On the other hand, it is clearly a finitely generated Z-module, and therefore
every element of it is integral over Z. But then for any set of algebraic integers
bi,...,b the element > b;d,, is integral over Z, which proves Lemma. OJ

Theorem 4.4. The dimension of an irreducible representation divides |G]|.

Proof. For every s € G, x;(s) is an algebraic integer. Therefore by Lemma 4.3
u=3 coxi(s!)sis integral over Z. Hence w; (u) is an algebraic integer. But

G G
n ZX@ Xz _1 | | (XzaXi) = u

n; n;
Therefore LLQ € 7. O
Theorem 4.5. Let Z be the center of G. The dimension n of an irreducible repre-
sentation divides ‘gi

Proof. Consider
pm =" 1 G x -+ x G — GL (Ve
Then Ker p,,, contains a subgroup

Z o =A(21,.. ., 2m) €EZ™ | 2129 .. 2 = 1}.
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If p is irreducible, then p,, is irreducible, and dim p,, = (dim p)™ divides |G™/Z! | =

gﬁ%. Since this is true for any m, then dim p divides %

factorization). m

(check yourself using prime



PROBLEM SET # 3
MATH 252

Due September 23.

1. Consider the action of the group As on the faces of a dodecahedron. Decompose
the corresponding representation of As into a sum of irreducibles and solve the Venus
problem by diagonalizing the intertwining operator.

2. Let D, denote the dihedral group, which is the group of all symmetries of a
regular n-gon. Classify irreducible representations of D,, over C.

Date: September 15, 2005.
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1. INDUCED MODULES

Let B C A be rings and M be a B-module. Then one can construct induced
module Indg M = A®p M as the quotient of a free abelian group with generators
from A x M by relations

(a1 4+ az) X m—ay X m—as X m, ax (my +msy)—aXm;—axmg, abx m—a xbm,
and A acts on A®p M by left multiplication. Note that j : M — A®p M defined by
j(m)=1@m

is a homomorphism of B-modules.

Lemma 1.1. Let N be an A-module, then for ¢ € Hompg (M, N) there exists a
unique ¢ € Homy (A ®p M, N) such that ¢ o j = ¢.

Proof. Clearly, 1 must satisfy the relation
Y(a®@m)=ap(l®@m)=ap(m).
It is trivial to check that 1 is well defined. O

Exercise. Prove that for any B-module M there exists a unique A-module satisfying
the conditions of Lemma 1.1.

Corollary 1.2. (Frobenius reciprocity.) For any B-module M and A-module N
there is an isomorphism of abelian groups

Hompg (M, N) = Homu (A®p M, N).

Example. Let k& C F be a field extension. Then induction Indf is an exact
functor from the category of vector spaces over k to the category of vector spaces
over F', in the sense that the short exact sequence

becomes an exact sequence

0= FerVi® - FRr Vo — F®,Vs— 0.

Date: September 27, 2005.
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In general, the latter property is not true. It is not difficult to see that induction is
right exact, i.e. an exact sequence of B-modules

M — N —=0
induces an exact sequence of A-modules

AR M — A N — 0.

But an exact sequence
0—-M—N

is not necessarily exact after induction.
Later we discuss general properties of induction but now we are going to study
induction for the case of groups.

2. INDUCED REPRESENTATIONS FOR GROUPS.

Let H be a subgroup of G and p : H — GL (V) be a representation. Then the
induced representation Ind% p is by definition a k (G)-module

k(G) @way V-

Lemma 2.1. The dimension of Ind% p equals the product of dimp and the index
|G : H] of H. More precisely, let S is a set of representatives of left cosets, i.e.

G:HSH,

then
(2.1) k(G) Q) V = Bsess @ V.

For any t € G, s € S there exist unique s’ € S, h € H such that ts = s'h and the
action of t is given by

(2.2) t(s®@v) =5 ® pyv.
Proof. Straightforward check. O
Lemma 2.2. Let x = x, and Ind$, x denote the character of Ind$, p. Then
1
23 bdixO= 3 (e =gm X x(sT),

s€S,s~1tscH

Proof. (2.1) and (2.2) imply
Indf x ()= > x(h).

s€S,s'=s

s€G,s~tscH

Since s = s’ implies h = s~ ts € H, we obtain the formula for the induced character.
Note also that x (s7'ts) does not depend on a choice of s in a left coset. O
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Corollary 2.3. Let H be a normal subgroup in G. Then Ind$ x (t) = 0 for any
t¢ H.

Theorem 2.4. For any p: G — GL(V), 0: H — GL (W), we have the identity
(24) (Indg Xos Xp)G = (XO'> ReSH XP)H .

Here a subindex indicates the group where we take inner product.

Proof. 1t follows from Frobenius reciprocity, since
dim Homg (Indg W, V) = dim Homg (W, V).

Note that (2.4) can be proved directly from (2.3). Define two maps
Resy : C(G) — C(H), Ind% : C(H) — C(Q),

the former is the restriction on a subgroup, the latter is defined by (2.3). Then for
any f € C(G),g9€C(H)

(2.5) (Indg g, f)G = (g,Resu f)y -

Example 1. Let p be a trivial representation of H. Then Ind% p is the permutation
representation of G obtained from the natural left action of G on G/H (the set of
left cosets).

Example 2. Let G = S5, H = A3, p be a non-trivial one dimensional representa-
tion of H (one of two possible). Then

Ind% x, (1) =2, Ind¥ v, (12) = 0, Ind% x, (123) = —1.
H Ap H Ap H Xp

Thus, by induction we obtain an irreducible two-dimensional representation of G.
Now consider another subgroup K of G = S3 generated by the transposition (12),
and let o be the (unique) non-trivial one-dimensional representation of K. Then

nd% x, (1) = 3, Tnd% x, (12) = —1, Ind$ x, (123) = 0.

3. DOUBLE COSETS AND RESTRICTION TO A SUBGROUP

If K and H are subgroups of GG one can define the equivalence relation on G: s ~ t
iff s € KtH. The equivalence classes are called double cosets. We can choose a set of
representative 7' C G such that

G=]]xtH.
seT
We define the set of double cosets by K\G/H. One can identify K\G/H with K-
orbits on S = G/H in the obvious way and with G-orbits on G/K x G/H by the
formula
KtH — G (K, tH).
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Example. Let F, be a field of ¢ elements and G = GLs (F,) oL (F2). Let B be

the subgroup of upper-triangular matrices in G. Check that |G| = (¢*> — 1) (¢*> — q),
|B| = (¢ — 1) ¢q and therefore [G : B] = ¢ + 1. Identify G/B with the set of lines P'
in F2 and B\G/B with G-orbits on P* x P'. Check that G has only two orbits on
P! x P!: the diagonal and its complement. Thus, |B\G/B]| = 2 and

G = BU BsB,

()

Theorem 3.1. Let T' C G such that G = [[ ., KtH. Then

where

Resi Indfj p = @er Indic gy 0,

where
g def
Prn = Pslhs

for any h € sHs™*.

Proof. Let s € T and W* =k (K) (s ® V). Then by construction, W# is K-invariant
and

k (G) Qk(H) V = ®eerW?®.

Thus, we need to check that the representation of K in W* isisomorphic to IndngHS—l pe.
We define a homomorphism

o Indf g V— W*
by a(t®@v)=ts®v for any t € K,v € V. It is well defined
a(th®v—1t® prv) =ths @V — 18 ® ps-1ps0 = s (s‘lhs) RV —15® ps-1ps0 =0
and obviously surjective. Injectivity can be proved by counting dimensions. O

Example. Let us go back to our example B C SLy (F,). Theorem 3.1 tells us that
for any representation p of B

Ind% p = p & Ind ¢/,

where H = BN sBs~! is a subgroup of diagonal matrices and

,fa 0 B b 0

Pl\o b )=P\0 «a
Corollary 3.2. If H is a normal subgroup of GG, then
Resy Ind% p = Dsecc/up .
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4. MACKEY’S CRITERION

To find (Indg X, Indg X) we can use Frobenius reciprocity and Theorem 3.1.

(Indg X5 Indg X)G = (RGSH Indg X5 X)H = Z (IndgﬂsHs*1 XS> X)H =
seT

= Z (XS> I%GSHF‘ISHS*1 X)HmsHsfl = (X> X)H + Z (XS> ReSHﬂsHs*1 X)HﬂsHsfl .
seT seT\{1}
We call two representation disjoint if they do not have the same irreducible com-
ponent, i.e. their characters are orthogonal.

Theorem 4.1. (Mackey’s criterion) Ind$, p is irreducible iff p is irreducible and p®
and p are disjoint representations of H N sHs™' for any s € T\ {1}.

Proof. Write the condition
(Indg X, Indg X)G =1
and use the above formula. O

Corollary 4.2. Let H be a normal subgroup of G. Then Ind$, p is irreducible iff p*
is not isomorphic to p for any s € G/H, s ¢ H.

Remark 4.3. Note that if H is normal, then G/H acts on the set of representations
of H. In fact, this is a part of the action of the group Aut H of automorphisms of
H on the set of representation of H. Indeed, if p € Aut H and p: H — GL (V) is a
representation, then p¥ : H — GL (V') defined by

PL = Pelt);
is a new representation of H.

5. SOME EXAMPLES

Let H be a subgroup of G of index 2. Then H is normal and G = H U sH for
some s € G\ H. Suppose that p is an irreducible representation of H. There are two
possibilities

(1) p® is isomorphic to p;
(2) p® is not isomorphic to p.
Hence there are two possibilities for Ind% p :

(1) Ind$ p = 0 @ o', where o and ¢’ are two non-isomorphic irreducible represen-
tations of Gj
(2) Ind% p is irreducible.
For instance, let G = S5, H = A5 and py, ..., p; be irreducible representation of
H, where the numeration is from lecture notes week 3. Then for ¢ = 1,2, 3

Indg pi =0; D (Ui X Sgn) 5
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here sgn denotes the sign representation. Furthermore, Indg Py = Indg ps 1S ir-
reducible. Thus S; has two 1,5, 4-dimensional irreducible representations and one
6-dimensional.

Now let G be a subgroup of GLs (F,) of matrices

(51)

We want to classify irreducible representations of G over C. |G| = ¢* — ¢, G has the
following conjugacy classes

(a0 ) (on )o(51)

in the last case a # 1. Note that the subgroup H of matrices

(o 7)

is normal, G/H = F; = Z, ;. Therefore G has ¢ — 1 one-dimensional representations
which can be lifted from G/H. That leaves one more representation, its dimension
must be ¢ — 1. We hope to obtain it by induction from H. Let o be a non-trivial
irreducible representation of H (one-dimensional). Then dimInd$ o = ¢ — 1 as
required. Note that for any previously constructed one-dimensional representation p
of G we have
(Indg o, p)G = (0,Resgp)y; =0,

as Resy p is trivial. Therefore Indg o is irreducible. The character takes values ¢ —1,
—1 and 0 on the corresponding conjugacy classes.

Remark 5.1. To find all one-dimensional representation of a group G, find its com-
mutator G’, which is a subgroup generated by ghg='h~! for all g,h € G. One-
dimensional representations of G are lifted from one-dimensional representations of

G/G".



PROBLEM SET # 4
MATH 252

Due September 30.
1. Let H C K C G. Show that
Ind% Ind} p = Ind% p
for any representation p of H.
2. Let G be the group of matrices

1 z vy
01 2
0 01

where z, y, z are elements of the finite field F5. Classify irreducible representations
of G over C.

Date: September 23, 2005.
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1. INVARIANT FORMS
Recall that a bilinear form on a vector space V' is a map
B:V XV =k
satisfying
B (ev,dw) = cdB (v,w), B (v + vy, w) = B (v1,w)+B (ve,w), B(v,w; + ws) = B (v,w;)+B (v, ws).

One can also think about a bilinear form as a vector in V* ® V* or as a homo-
morphism B : V' — V* given by the formula B, (w) = B (v,w). A bilinear form is
symmetric if B (v, w) = B (w,v) and skew-symmetric if B (v,w) = —B (w,v). Every
bilinear form is a sum B = Bt 4+ B~ of a symmetric and a skew-symmetric form,

B:I: ('U,’LU) _ B(U,QU):;:B(’LU,’U)‘
Such decomposition corresponds to the decomposition
(1.1) VeVt =SV e AV

A form is non-degenerate if B : V' — V* is an isomorphism, in other words B (v, V') =
0 implies v = 0.
Let p: G — GL (V) be a representation. We say that a bilinear form B on V is
G-invariant if
B (psv, psw) = B (v, w)
for any v,w €V, s € G.
The following properties of an invariant form are easy to check
(1) If W C V is an invariant subspace, then W+ = {v € V | B (v,W) =0} is
invariant. In particular, Ker B is invariant.
(2) B:V — V*is invariant iff B € Homg (V, V7).
(3) If B is invariant, then BT and B~ are invariant.

Lemma 1.1. Let p be an irreducible representation of G, then any bilinear invariant
form is non-degenerate. If k = k, then a bilinear form is unique up to multiplication
on a scalar.

Proof. Follows from (2) and Schur’s lemma. O

Date: September 29, 2005.



2 REPRESENTATION THEORY WEEK 5

Corollary 1.2. A representation p of G admits an invariant form iff x, (s) = x, (s7)
for any s € G.

Lemma 1.3. If k = k, then an invariant form on an irreducible representation p is
either symmetric or skew-symmetric. Let

=

seG

Then m, = 1,0 or —1. If m, = 0, then p does not admit an invariant form. If
m, = %1, then m, admits a symmetric (skew-symmetric) invariant form.

Proof. Recall that p ® p = paix © psym-

X ‘|‘ X
(Xsym, |G| Z p P )’

L X (8) — xe (87)
(Xa1t> 1) - @ SGZG 2 :

Note that
1G] ZXP (Xp» Xp+) -
seG
Therefore
) «)+m , D —m
(XSYHU 1) = (Xp XPQ) P’ (Xa1t> 1) = (Xp XP2) P

If p does not have an invariant form, then (xsym,1) = (Xait, 1) = 0, and x,« # X,
hence (x,, xp*) = 0. Thus, m, = 0.

If p has a symmetric invariant form, then (x,, x,-) = 1 and (Xxsym,1) = 1. This
implies m, = 1. Similarly, if p admits a skew-symmetric invariant form, then m, =
—1. O

Let k = C. Anirreducible representation is called real if m, = 1, complex if m, = 0
and quaternionic if m, = —1. Since x, (s™') = X, (s), then x, takes only real values
for real and quaternionic representations. If p is complex then x, (s) ¢ R at least for
one s € G.

Example. Any irreducible representation of Sy is real. A non-trivial representa-
tion of Zs is complex. The two-dimensional representation of quaternionic group is
quaternionic.

FEzercise. Let |G| be odd. Then any non-trivial irreducible representation of G
over C is complex.
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2. SOME GENERALITIES ABOUT FIELD EXTENSION

Lemma 2.1. If chark = 0 and G is finite, then a representation p : G — GL (V) is
irreducible iff Endg (V) is a division ring.

Proof. In one direction it is Schur’s Lemma. In the opposite direction if V' is not
irreducible, then V' = V; & V5, then the projectors p; and py are intertwiners such
that P1Op2 = 0. ]

For any extension F' of k and a representation p : G — GL (V') over k we define
by pr the representation G — GL (F ®; V).

For any representation p : G — GL (V) we denote by V¢ the subspace of G-
invariants in V', i.e.

Vel={veV|pv=uvVscG}.
Lemma 2.2. (F®, V)" = F®, V.

Proof. The embedding F @5, V¢ C (F ®; V) is trivial. On the other hand, V¢ is
the image of the operator
1
P e 2

in particular dim V& equals the rank of p. Since rank p does not depend on a field,
we have
dim F @, V¢ = dim (F @4, V) .
O

Corollary 2.3. Let p: G — GL (V) and 0 : G — GL (W) be two representations
over k. Then
In particular,

Proof.
Homg (V, W) = (V* @ W)

Corollary 2.4. Even if a field is not algebraically closed
dim Homeg (V, W) = (Xp, Xo) -

A representation p : G — GL (V) over k is called absolutely irreducible if it remains
irreducible after any extension of k. This is equivalent to (x,,x,) = 1. A field is
splitting for a group G if any irreducible representation is absolutely irreducible. It
is not difficult to see that some finite extension of Q is a splitting field for a finite
group G.
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3. REPRESENTATIONS OVER R

A bilinear symmetric form B is positive definite if B (v,v) > 0 for any v # 0.

Lemma 3.1. Every representation of a finite group over R admits positive-definite
invariant symmetric form. Two invariant symmetric forms on an irreducible repre-
sentation are proportional.

Proof. Let B’ be any positive definite form. Define

1 /
B(w.w) = o > B (o, pew).
seG

Then B is positive definite and invariant.

Let @ (v,w) be another invariant symmetric form. Then from linear algebra we
know that they can be diagonalized in the same basis. Then for some A € R,
Ker (@ — AB) # 0. Since Ker (QQ — AB) is invariant, Q) = \B. O

Theorem 3.2. Let R C K be a division ring, finite-dimensional over R. Then R is
isomorphic R, C or H (quaternions).

Proof. If K is a field, then K = R or C, because C = R and [C: R] = 2. Assume
that K is not commutative. For any x € K\R, R [x] = C. Therefore we have a chain
R CC C K. Let f(x)=idxi~'. Obviously f is an automorphism of K and f? = id.
Hence K = K+ @ K, where

Kf={rec K| f(z)=+xz}.

Moreover, KK+ ¢ K+, K"K~ ¢ K*, KK~ ¢ K-, K"K+ ¢ K~. Ifz € K™,
then C[z] is a finite extension of C. Therefore K = C. For any nonzero y € K~
the left multiplication on y defines an isomorphism of K™ and K~ as vector spaces
over R. In particular dimg K~ = dimg K = 2. For any y € K~, x € C, we have
yT = zy, therefore y> € R. Moreover, y?> < 0. (If 5> > 0, then y* = b? for some
real b and (y —b) (y +b) = 0, which is impossible). Put j = —%=. Then we have

k=ij=—ji, ki = (ij)i=j, K =R]i,j] is isomorphic to H. O

Lemma 3.3. Let p : G — GL (V') be an irreducible representation over R, then there
are three possibilities:

(1) Ende (V) =R and (x,, x,) = 1;
(2) Ende (V) = C and (xp, x,) = 2;
(3) Ende (V) = H and (x,, x,) = 4.

Proof. Lemma 2.1 and Theorem 3.2 imply that Endg (V) is isomorphic to R, C or H,
(Xps Xp) = 1,2 or 4 as follows from Corollary 2.4.
O
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4. RELATIONSHIP BETWEEN REPRESENTATIONS OVER R AND OVER C

Hermitian invariant form. Recall that a Hermitian form satisfies the following
conditions
H (av,bw) = abH (v,w), H (w,v) = H (v,w).
The following Lemma can be proved exactly as Lemma 3.1.

Lemma 4.1. Every representation of a finite group over C admits positive-definite
invariant Hermitian form. Two invariant Hermitian forms on an irreducible repre-
sentation are proportional.

Let p: G — GL(V) be a representation over C. Denote by V® a vector space V
as a vector space over R of double dimension. Denote by p® the representation of G
in V&, Check that

(4'1) Xp& = Xp 1+ Xp-
Theorem 4.2. Let p: G — GL (V) be an irreducible representation over C.

(1) If p can be realized by matrices with real entries, then p admits an invariant
symmetric form.

(2) IfEndg (V®) = C, then p is complex, i.e. p does not admit a bilinear invariant
symmetric form.

(3) If Endg (VR) = H, then p admits an invariant skew-symmetric form.

Proof. (1) follows from Lemma 3.1. For (2) use (4.1). Since (x,,X,) = 2 by
Lemma 3.3, then x, # X,, and therefore p is complex. B
Finally let us prove (3). Let j € Endg (V®) = H, then j (bv) = bv for any b € C.
Let H be a positive-definite Hermitian form on V. Then
Q (v,w) = H (jw, jv)
is another invariant positive-definite Hermitian form. By Lemma 4.1 Q = AH for
some A > 0. Since j2 = —1, A2 = 1 and therefore A\ = 1. Thus,
H (v,w) = H (jw, jv).
Set
B (v,w) = H (jv,w).
Then B is a bilinear invariant form, and
B (w,v) = H (jw,v) = H (jv, j*w) = —H (jv,w) = =B (v,w),
hence B is skew-symmetric. O

Corollary 4.3. Let o be an irreducible representation of G over R. There are three
possibilities for o
o is absolutely irreducible and x, = X, for some real representation p of G over C;
Xo = Xp + X, for some complex representation p of G over C;
Xo = 2X, for some quaternionic representation p of G' over C.



6 REPRESENTATION THEORY WEEK 5

5. REPRESENTATIONS OF SYMMETRIC GROUP

Let A denote the group algebra Q (S,). We will see that Q is a splitting field for
Sp. We realize irreducible representation of .S,, as minimal left ideals in A.

Conjugacy classes are enumerated by partitions mqy > --- > my >0, my + --- +
my = n. To each partition we associate the table of n boxes with rows of length
mi,...,myg, it is called a Young diagram. Young tableau is a Young diagram with
entries 1,...,n in boxes. Given a Young tableau A, we denote by P, the subgroup
of permutations preserving rows and by (), the subgroup of permutations preserving
columns. Introduce the following elements in A

ay = Z p, by = Z (—1)7q, cx = axby.
PEP) qeQ

The element c) is called Young symmetrizer.

Theorem 5.1. V, = Ac, is a minimal left ideal in A, therefore V) is irreducible. V)
is isomorphic to V), iff the Young tableaux p and A\ have the same Young diagram.
Any irreducible representation of S, is isomorphic to V) for some Young tableau .

Note that the last assertion of Theorem follows from the first two, since the number
of Young diagrams equals the number of conjugacy classes.
Examples. For partition (n), cx = ax = ), 4 s, and the representation is trivial.

For (1,....1),ecx =bx= >, cg (—1)"s.
Let us consider partition (n — 1,1). Then

o= Y s|1-(n).

SESH—_1
Clearly, axcy = cy, therefore Resg |, V) contains the trivial representation. Let
V =Indy  (triv).

Note that V' is the permutation representation of S,,. By Frobenius reciprocity we
have a homomorphism V' — V). Therefore V = V)\®triv.

Now we will prove Theorem 5.1. First, note that S, acts on the Young tableaux
of the same shape, and

ag(n) = sa,\s_l, bs(n) = sb,\s_l, Cs(\) = sens L
Check yourself the following

Lemma 5.2. If s € S, but s ¢ P\Q), then there exists two numbers i and j in the
same row of A and in the same column of s ().

It is clear also that for any p € Py, ¢ € Qx
pax = axp = ay, gby = bag = (=1)" by, perg = (=1)? e,
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Lemma 5.3. Let y € A such that for any p € Py, g € Q»
pyq = (—1)"y.
Then y € Qc,y.
Proof. 1t is clear that y has a form
Z ds Z (—1)7 psq = Z dsaysby,
s€P\\Sn/Qx  PEPA,qEQA SEPA\Sn/Q

for some d; € Q. We have to show that if s ¢ P\@, then aysby = 0. That follows
from Lemma 5.2. There exists (ij) € Py N Qsn). Then

axsbas™! = axbs(ny = ax (i) (i5) bs(n) = arbsiny = —arbyny = 0.

Corollary 5.4. cyAcy C Qc,.

Lemma 5.5. Let W be a left ideal in a group algebra k(G) (chark = 0). Then
W? = 0 implies W = 0.

Proof. Since k (G) is completely reducible k (G) = W & W', where W' is another left
ideal. Let y € End¢ (k (G)) such that y = Id, y (W’) = 0. But we proved that any
y € Endg (k(G)) is a right multiplication on some u € k(G) (see lecture notes 3).
Then we have u? = u, W = Au, in particular v € W. If W # 0, then u # 0 and
u? =u # 0. Hence W2 # 0. O

Corollary 5.6. Ac) is a minimal left ideal.

Proof. Let W C Ac, be a left ideal. Then either cxWW = Qc, or c,W = 0 by
Corollary 5.4. In the former case W = AcyW = Acy. In the latter case W2 C
AcyW =0, and W = 0 by Lemma 5.5.

O

2 _ n!
Corollary 5.7. c§ = nycy, where ny = T

Proof. From the proof of Lemma 5.5, ¢y = nyu for some idempotent u € Q (S,).
Therefore ¢y = nyu. To find ny note that tryg) u = dim Vi, tryg) ca =[Sy = nl. O

Lemma 5.8. Order partitions lexicographically. If X > p, then there exists i,j in
the same row of \ and in the same column of .

Proof. Check yourself. O
Corollary 5.9. If A < pu, then cyAc, = 0.
Proof. Sufficient to check that cysc, = 0 for any s € .S, which is equivalent to

c,\scﬂs_1 = C\Cs(n) = 0.
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Let (ij) € QAN Py). Then

ex (17) (i7) Csu) = exCs(u) = —xCs(u) = 0.
O

Lemma 5.10. V) and V), are isomorphic iff A\ and p have the same Young diagram.

Proof. If A and p have the same diagram, then A = s(u) for some s € S, and
Acy = Asc,s™ = Ac,s™!. Assume A > p, then ¢y Ac, = 0 and ¢y Acy # 0. Therefore
Acy and Ac,, are not isomorphic. O

Corollary 5.11. If X and v have different diagrams, then cyAc, = 0.

Proof. If cyAc, # 0, then AcyAc, = Ac,. On the other hand AcyA has only
components isomorphic to V). Contradiction. O

Lemma 5.12. Let p : S, — GL (V) be an arbitrary representation. Then the
multiplicity of V) in V equals the rank of p(cy).

Proof. The rank of cy is 1 in V and 0 in any V), with another Young diagram. [



PROBLEM SET # 5
MATH 252

Due October 7.

1. Classify irreducible representations of A4 (even permutations) over R and over
C. What is the splitting field for Ay.

2. Let GG be a finite group, r be the number of conjugacy classes in G and s be the
number of conjugacy classes in G preserved by the involution ¢ — ¢g~!. Prove that
the number of irreducible representations of G' over R is equal to =2,

3. If X is a Young tableau, then the conjugate tableau X\ is obtained from A\ by
symmetry about diagonal (rows and columns switch). Show that V) is isomorphic
V) ®sgn, where sgn is one-dimensional sign representation. (Hint: you probably have
to show that Q (S,,) axby and Q (.S,) bra, are isomorphic).

Date: September 29, 2005.
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1. DIMENSION FORMULAE

For a Young tableau (diagram) A, \; denotes the number of boxes in the i-th row.
We write a € A if v is a box of A. Let |\| denote the number of boxes in A and A — «
denote a diagram which can be obtained from A by removing one box. For example,
for partition A = (5,3, 1) the possible A — « are (4,3,1), (5,2,1) and (5,3).

Theorem 1.1. Resg, , Vi = &V)_4.

Lemma 1.2. Let |u| = |\ — 1. If the diagram of p is different from the diagram of
A — « for all possible «, then there are t,j either in the same row of \ and in the
same column of p or in the same row of p and in the same column of \.

Proof. Let A\ and p do not satisfy the condition of Lemma. Choose the smallest k
such that \; # . Assume first, that p; > Ag, then by pigeon hole principle one can
find two entries of k-th row of p in the same column of A\. (We assume that this does
not happen with the first £ — 1 rows).

Assume now that Ay > pg. Since A has just one more entry than u, A\y > pp + 1
implies that two entries in the k-th row of A are in the same column of u. Therefore
A = i + 1, moreover the last entry appears in the first £ rows of A. In this case
we move to the next row, and step by step prove that \; = pu; for all i # k. Hence
nw=\—a. O
Lemma 1.3. If the diagram of p is different from the diagram of A— « for all possible

«, then c,Acy = 0.

Proof. Let s € S,. First assume that there are two entries in the same row of u and
in the same column of X\. Then the same is true for g and s () for any s € S,, as we
can see from the proof of Lemma 1.2. Hence for this pair of entries ¢, 7 we have

ay, (Z])2 bs()\) = a“bs(,\) = —a“bs(,\) = 0.

Therefore a“sb,\s_l = 0 and a,sby = 0 for any s € S,. That implies a,Aby = 0.
Similarly we can prove that if there are two entries in the same column of x and in
the same row of A, then b, Aa) = 0. Together that implies c,.Acy = 0. O

Corollary 1.4. If a Young diagram v can not be obtained from A by removing one
box, then the multiplicity of V,, in Resg, , V) is zero.

Date: October 7, 2005.
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Proof. Follows from Lemma 5.12 (lecture notes 5). O

Lemma 1.5. Let f = A — . Then c,cx # 0. Therefore f : 'V, — V) given by
f (z) = zcy is an injective homomorphism of S,,_1-modules.

— 2 _
CuCx = E UsS, €, = E Vs,

sESh S€ESH_1

Proof. If we write

then as one can easily see that us = v, for any s € S,,_1. O
Lemma 1.6. If 1 = X\ — «, then ¢, Acy C Qc,ca.

Proof. First, prove that if there is no (ij) € Q,Ps) then s € @yPy. Thus, b,sa, # 0,
or equivalently b asn) # 0, implies s € Q\FPx. Then prove that for any s € Q)P
cusey € Qeyen. O

Corollary 1.4, Lemma 1.5 and Lemma 1.6 imply Theorem 1.1.

Corollary 1.7.
dimVy, = Z dim Vy_,.

Remark 1.8. Every function f(\) on the set of Young diagrams satisfying

(1.1) FN=SF-a), f1)=1
coincides with dim V.

Corollary 1.9. Indgz+1 Vi = @V, where p runs the set of all diagrams obtained
from A by adding one box.

A Young tableau is standard if entries in every row and entries in every column
are in increasing order.

Corollary 1.10. dim V), equals the number of all standard tableaux on a diagram \.

Proof. Check that the number dy of standard tableaux satisfies (1.1).
O

For a box oo € A, let h, be the hook diagram containing «, all boxes below « and
all boxes to the right of a. Let

h(N) = 1] Ihal-

aEX
Example. If A is (3,2,1), then h (\) = 45.
Lemma 1.11. Let A= (\y,..., A\;) and A= A\ +k— 1,00 +k—2,...,\). Then
Al

(1.2) h()) = TG
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Proof. Direct calculation. O

Lemma 1.12. Let

Then

(1.3) in(V(xl,...,xk)—V(xl,...,xi—l,...,xk)) = wv&:l,...,xk).

Proof. Since V' is a skew symmetric polynomial of x, it is easy to check that (z; — x;)
divides the left hand side of the identity. Since the degree of the left hand side
polynomial is k(k_l), the same as the degree of V', the LHS polynomial is proportional
to V. The leading coefficient of LHS is the same as of

k

0 k(k—1
Zl’ia—v(fﬂl,...,l’k) = gv(l’l""’l’k)'
=1 Li 2

That proves the identity. 0J

Lemma 1.13.

Proof. Using (1.2) write

v(Al,...,*

B ; ”(.A—l) W

This is equivalent to

k

(14) nV(j\l,,j\k) :ZS\ZV(S\M,S\Z—L,)\]C)

i=1

k(k 1)

Use now that A\j + -+ + A\, =n + ) and apply (1.3) to prove (1.4).

Corollary 1.14. (Hook formula) dim V) = %

Proof. Just check that satisfies (1.1).

h(/\)
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2. REPRESENTATIONS OF GLj.

Matrix coefficients. Let p : G — GL (V) be a (finite-dimensional) representa-
tion. For any ¢ € V*, v € V define
.fv,go (S) = <Q07 pS'U> :

This function f is called a matriz coefficient.

Let G = GL; = GL ((Ck) and C[G] denote the space of all polynomial functions
on G. We call a representation p : G — GL (V) polynomial if f,, € C[G] for all
veV,pelV™

Examples. The standard representation in the space E = C* is polynomial, but
the dual representation in E* is not.

The whole space C [G] has a natural structure of a representation if we put

Ryf (x) = [ (xg).

Check that the space C,, [G] of homogeneous polynomials of degree n is invariant.
Thus, there is a decomposition

C[G] = &22,C. [G].

Let p: G — GL (V) be a polynomial representation. For any ¢ € V* define a map
P,V — C[G] by the formula

/
pgo (’U) = fvv@'
Check that this map is an intertwiner, i.e.
,0:0 (pgv) = Rgp:o (v).
That implies

Lemma 2.1. Every irreducible polynomial representation of GG is a subrepresentation
in C[G].

Lemma 2.2. Consider the representation of G in (E*)®" ® E®™ given by the formula

P (1@ @Y, QU @Up) =01 Q- QP QYU @ -+ - @ GUn,

for all p; € E*,v; € E.
The map 7 : (E*)*" @ E®" — C, [G] given by

PRV fup
for each ¢ € (E*)®", v € E®", is surjective.
Proof. Let ey, ..., e be a basis in E and fi,..., fr be the dual basis in £*. Then
[h® - Qfj, e, @ - Qe€i, = Girjy - - Ginjn>

where g;; is a matrix entry of a matrix g in the basis ey, ..., e;. Thus, the monomial
basis of C,, [G] belongs to the image of 7. O
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Remark 2.3. Here I made a mistake during the lecture. To get an isomorphism we
have to consider S" (E* ® E) C (E*)*" @ E®".

To classify polynomial irreducible representation of G we have to find all irreducible
subrepresentations of £". We will do this in the next section.

3. DUuALITY BETWEEN GL; AND S,
Consider the representation p : S, — GL (E®") defined by the formula
Ps (V1 ® - @ V) = Us(1) @+ -+ @ Ug(m)
and the representation p : GLy — GL (E®™) defined by
P (1 ® - ®uy,) =gu1 @ -+ R guy.

We see immediately that ps o p; = pg 0 ps for any s € S,, g € GL;. Thus we can
consider p as the representation of the direct product S, x GLy.

Theorem 3.1. Let I, . denote the set of all Young diagrams with n boxes such that
the number of rows is not bigger than k. Then

E®" = @xer,,, Va KWy,

where V) is the irreducible representation of S, associated with A\ and W) is an
irreducible representation of GLy. Moreover, Wy and W, are not isomorphic if X # .

Corollary 3.2. Fill the boxes of A in some way. Then p., (E®") is an invariant
subspace isomorphic to Wj.

Example. Let A = (n) be a one row diagram. Then V) is the trivial representation
of Sn, ex = D g, 5, and Wy = 5™ (E).

If £ >mn,and A = (1,...,1) (one row), then V) is the sign representation, c\ =
Y oses, (—1)7s, and Wy = A" (E).

To prove Theorem 3.1 we need the following general statement.

Theorem 3.3. Let p: G — GL(V), 0: K — GL (V') be two representations in the
same vector space V' over algebraically closed F'. Let

Endg (V) = o (F (K))
and p is completely reducible. Then

where V; is an irreducible representation of G, W; is an irreducible representation of
K. Moreover, V; is not isomorphic to V; if i # j and similarly, W; is not isomorphic
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Proof. Since p is completely reducible, one can write
V=ol (VieW),

the action of GG is trivial on W;. Then
Endg (V) = [ [ Endp (W)
i=1

Thus, o: F(K) — Endp (W;) is surjective, that implies that each W; is irreducible
over K and W; 22 W; if i # j. 0J

Remark 3.4. In general, we say that G and K satisfying the conditions of Theorem 3.3
form a dual pair. Such situation often happens in representation theory. The simplest
example is an action of G x G in k (G) given by

Ry n Z UgS = Z usgsh™t.
seG seG

Lemma 3.5. In the situation of Theorem 3.1 we have

Proof. Let M}, denote the algebra Endc (F), in other words, M}, is the matrix algebra.
First,

End¢ (E®") = M?".
Thus, we are looking at the S, invariant subalgebra

Ends, (B*") = (M")™ = 5" (M)

In other words, Endc (E®™) is spanned by

D M) ® - @ Mg

SGSn

for all possible my, ..., m, € M.
Our next claim is that Endc (E®™) is the span of m ® --- ® m for all possible
m € M. It follows from the following

Lemma 3.6. For an arbitrary vector space V., S™ (V) is spanned by v™ for allv € V.

Proof. Everybody knows the formula

doy = (z+y)* — (x —y)?,

which proves the statement for n = 2. Less know is the following general formula

i9=0,1,...,in=0,1
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Now let U be the span of ¢ ® --- ® g (g € GLg) in End¢ (E®") = S™(My). By
definition, U = p(C(GLg)). Note that GLj is a dense subset in M}, therefore
U is a dense subset in S™ (My). But U is a linear subspace in S™ (My). Hence

Note that Lemma 3.5 together with Theorem 3.3 imply that
E®" = @perVa W),

for some set I of Young diagrams with n boxes. It is left to show that IV = T, ;.
Obviously, I consists of all diagrams A for which W), = ¢, (E®") # 0. Fill the boxes
of A\ in increasing order from 1 to n from left to right starting from the top and
consider ¢y defined by this tableaux. An element v =¢;, ® --- ® ¢;, of the standard
basis in E®™ can be represented by the same tableau with entries e;,,...,¢e; . If A
has more than k rows, then one can find e; which appears twice in the same column.
Then by (v) = 0, and therefore cyv = 0. Since this holds for any basis vector, we have
cx (E®") = 0. Hence A ¢ T if A has more than & rows. On the other hand, if A has

k or less rows, one can check that
A <6?>\1 Q- ef’\’“) # 0.

Therefore IV = I',, .. Theorem 3.1 is proven.



PROBLEM SET # 6
MATH 252

Due October 14.

Use notations of lecture notes 5 and 6.

1. Let A= (n—k,1,...,1) be the hook diagram with n boxes. Show that V) is
isomorphic to A*V, where V is n — 1-dimensional subrepresentation in the standard
permutation representation of S,.(Hint: Use Lemma 5.12 in Lecture notes 5)

2. Show that the G'Lj-representation Wy ® £/ decomposes into direct sum of W,
for all p € I'y41, which can be obtained from A by adding one box. (Hint: check
when pe, pe, (E51) £ 0.)

Date: October 6, 2005.
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1. CHARACTERS OF GL; AND S,

A character of an irreducible representation of GLj is a polynomial function con-
stant on every conjugacy class. Since the set of diagonalizable matrices is dense in
GLyg, a character is defined by its values on the subgroup of diagonal matrices in GLg.

Thus, one can consider a character as a polynomial function of x1, ..., xx. Moreover,
a character is a symmetric polynomial of x1, ...,z as the matrices diag (x1, ..., )
and diag (a:s(l), e ,ZEs(k)) are conjugate for any s € Sj.

For example, the character of the standard representation in E is equal to z; +
-+ + x and the character of E®" is equal to (z1 + -+ + x)".

Let A = (A,...,\x) be such that Ay > Ay > .-+ > Ay > 0. Let D, denote the
determinant of the k£ x k-matrix whose i, entry equals z;\j . It is clear that D,
is a skew-symmetric polynomial of xy,...,25. If p = (k—1,...,1,0) then D, =
[lic; (z; — x;) is the well known Vandermonde determinant. Let

Dy
Sy = —2,
A D,
It is easy to see that S) is a symmetric polynomial of x1, ..., z;. It is called a Schur

polynomial. The leading monomial of Sy is the z* .. Izk (if one orders monomials
lexicographically) and therefore it is not hard to show that S form a basis in the
ring of symmetric polynomials of x1, ..., xx.

Theorem 1.1. The character of W equals to S).

I do not include a proof of this Theorem since it uses beautiful but hard combina-
toric. The proof is much easier in general framework of Lie groups and is included in
261A course.

Exercise. Check that

RTEN ) e e | Gt

if A= \+p.

Now we use Schur-Weyl duality to establish the relation between characters of .S,
and GLj. Recall that the conjugacy classes in S, are given by partitions of n. Let
C' (p) be the class associated with the partition g in the natural way. Let p denote

Date: October 17, 2005.
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the representation of S, X GL; in E®™. Let r be the number of rows in . Then one
can see that

(L1)  (Pasg) = (@8- al) L (@ -4l

for any s € C'(u) and a diagonal g € GLy. Denote by P, the polynomial in the right
hand side of the identity. Let y, be the character of V). Since

tr(psxg) = > Xa(5)Sr(9),
Ael“n,k
one obtains the following remarkable relation

(1.2) P“: Z X\ (S) S)\.

Ael“n,k

2. REPRESENTATIONS OF COMPACT GROUPS

Let G be a group and a topological space. We say that G is a topological group
if the multiplication map G X G — G and the inverse G — G are continuous maps.
Naturally, G is compact if it is compact topological space.

Examples. The circle

St={zeC]||z|=1}.

A torus T = St x --- x St
Unitary group

Un:{XEGLn|XtX:1n}.
Special unitary group

SU,={X €U, |det X =1}.
Orthogonal group

O, ={reGL,(R)| X'X =1,}.

Special orthogonal group

SO, ={X €0, |detX =1} .

Theorem 2.1. Let G be a compact group. There exists a unique measure on GG such

that
/Gf(ts)dt:/Gf(t)dt

for any integrable function f on G and any s € GG, and fG dt = 1.
In the same way there exists a measure d't such that

/fstdt /f d’/d’t—l

Moreover, for a compact group dt =
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The measure dt (d't) is called right-invariant (left-invariant) measure, or Haar mea-
sure.

We do not give the proof of this theorem in general. However, all examples we
consider are smooth submanifolds in GLj. Thus, to define the invariant measure we
just need to define a volume in the tangent space at identity 771G and then use right
(left) multiplication to define it on the whole group. More precisely, let v € A*PT}G.
Then

vs =mg (7)),
where my : G — G is the right (left) multiplication on s and m? is the induced map
AYPTFG — A™PTFG. After this normalize v to satisfy [, = 1.

Consider a vector space over C equipped with topology such that addition and
multiplication by a scalar are continuous. We always assume that a topological
vector space satisfies the following conditions

(1) for any v € V there exist a neighborhood of 0 which does not contain v;
(2) there is a base of convex neighborhoods of zero.

Topological vector spaces satisfying above conditions are called locally convex. We
do not go into the theory of such spaces. All we need is the fact that there is a
non-zero continuous linear functional on a locally convex space.

A representation p : G — GL (V) is continuous if the map G x V' — V given by
(s,v) — psv is continuous.

Regular representation. Let GG be a compact group and L? (G) be the space of
all complex valued functions on G such that

17

exists. Then L? (G) is a Hilbert space with respect to Hermitian form

0= [ 10

Moreover, a representation R of G in L? (G) given by

Rof(t) = f(ts)

is continuous and the Hermitian form is G-invariant.
A representation p : G — GL (V) is called topologically irreducible if any invariant
closed subspace of V' is either V' or 0.

Lemma 2.2. Every irreducible representation of GG is isomorphic to a subrepresen-
tation in L? (GQ).

Proof. Let p: G — GL (V) be irreducible. Pick a non-zero linear functional ¢ on V'
and define the map ® : V' — L? (G) which sends v to the matrix coefficient f, , (s) =
(@, psv). It is clear that a matrix coefficient is a continuous function on G, therefore
fo.p € L? (G). Furthermore ® is a continuous intertwiner and Ker ® = 0. O
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Recall that a Hilbert space is a space over C equipped with positive definite Her-
mitian form (,) complete in topology defined by the norm

loll = (v,0)'2.

We need the fact that a Hilbert space has an orthonormal topological basis. A
continuous representation p : G — GL (V) is called unitary if V' is a Hilbert space
and

(v,v) = {pyv, pyv)

for any v € V and g € G. The regular representation of G in L? (G) is unitary. In
fact, Lemma 2.2 implies

Corollary 2.3. Every topologically irreducible representation of a compact group G
is a subrepresentation in L? (G).

Lemma 2.4. Every irreducible unitary representation of a compact group G is finite-
dimensional.

Proof. Let p: G — GL (V) be an irreducible unitary representation. Choose v € V|
|v]] = 1. Define an operator 7': V' — V by the formula

Tr = (v,z)v.
One can check easily that 7' is self-adjoint, i.e.
(z,Ty) = (Tx,y).
Let
Tx = / peT (p, ) dg.
G
Then T : V — V is an intertwiner and a self-adjoint operator. Furthermore, T is
compact, i.e. if
S={zeV||z] =1},

then T (S) is a compact set in V. Every self-adjoint compact operator has an eigen-
vector. To construct an eigen vector find « € S such that | (T, ) | is maximal. Then
Tx = \x. Since Ker (T — )\Id) is an invariant subspace in V', Ker (T — )\Id) = 0.

Hence T = A d. Note that for any orthonormal system of vectors ey, ..., e, € V
Z <6Z’, T6Z> = Z <6Z’, T6Z> S 1,
that implies An < 1. Hence dim V' < % OJ

Corollary 2.5. Every irreducible continuous representation of a compact group G
is finite-dimensional.
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3. ORTHOGONALITY RELATIONS AND PETER-WEYL THEOREM

If p: G — GL(V) is a unitary representation. Define a matrix coefficient by the
formula

fv,w (g) = <w> pgv> :
It is easy to check that

(3.1) fow (971) = fuw (9)
Theorem 3.1. For an irreducible unitary representation p : G — GL (V)

= 1
<.fv,w>fv’,u/> = /va,w (g) .fv’,w’ (g) dg = dlmp

(v,0") (W', w) .

The matrix coefficient of two non-isomorphic representation are orthogonal in L? (G).
Proof. Define T' € End¢ (V)
Tx = (v,z)0

and

T = / pngg_ldg.
el
As follows from Shur’s lemma, 7' = A d. Since

trT =trT = (v,0),

we obtain
ro o)
dim p
Hence 1
/ T — /
(' T = o (0) (0

On the other hand,

(o, Tw) = / (!, (v, 7w py'y dg = / Fon (57 Fuor (9) dg =

1
~ dimp

B /G-fv,w (g) .fv’,w’ (g) d.g <fv,w>.fv’,w’>'

In f,. and fy . are matrix coefficients of two non-isomorphic representation, the
T = 0, and the calculation is even simpler. O

Corollary 3.2. Let p and ¢ be two irreducible representations, then (x,, Xo) = 1 if
p Is isomorphic to o and (x,, X») = 0 otherwise.

Theorem 3.3. (Peter-Weyl) Matrix coefficient form a dense set in L*(G) for a
compact group G.
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Proof. We will prove the Theorem under assumption that G C GL(F), in other
words we assume that G has a faithful finite-dimensional representation. Let M =
Endc (E). The polynomial functions C[M] on M form a dense set in the space
of continuous functions on G (Weierstrass theorem), and continuous functions are
dense in L?(G). On the other hand, C[M] is spanned by matrix coefficients of
all representations in T (E) = @2 ,E®". Hence matrix coefficients are dense in
L? (G). O

Corollary 3.4. The characters of irreducible representations form an orthonormal
basis in the subspace of class function in L? (G).

Corollary 3.5. Let G be a compact group and R denote the representation of G X G
in L? (@) given by the formula

Roif (z)=f (s_lzvt) )
Then
LG) = ®,.5V, )V,

where G denotes the set of isomorphism classes of irreducible unitary representations
of G and the direct sum is in the sense of Hilbert spaces.

Remark 3.6. Note that it follows from the proof of Theorem 3.3, that if E is a faithful
representation of a compact group G, then all other irreducible representations appear
in T (F) as subrepresentations.

4. EXAMPLES

Example 1. Let S = {z € C||z| =1}, z = €. The invariant measure on S!

is % The irreducible representations are one dimensional. They are given by the

characters y, : S* — C*, where x,, () = ¢, Hence S! = Z and
L2 (Sl) — @nezceinG’
this is well-known fact that every periodic function can be extended in Fourier series.
Example 2. Let G = SU;. Then G consists of all matrices

a b

b a
satisfying the relations |a|? + [b]> = 1. One also can realize SU, as the subgroup
of quaternions with norm 1. Thus, topologically SUs, is isomorphic to the three-

dimensional sphere S3. To find all irreducible representation of SU, consider the
polynomial ring C [z, y] with the action of SU, given by the formula

7 . a b
pg (1) = ax + by, py (y) = —br +ay, if g = (—75) .
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Let p,, be the representation of G in the space C,, [z, y| of homogeneous polynomials
of degree n. The monomials z", " 'y, ... y" form a basis of C, [x,y]. Therefore
dimp, = n+ 1. We claim that all p, are irreducible and that every irreducible
representation of SU; is isomorphic to p,. Hence G = Z,. We will show this by
checking that the characters x,, of p, form an orthonormal basis in the Hilbert space
of class functions on G.

Note that every unitary matrix is diagonal in some orthonormal basis, therefore

every conjugacy class of SU, intersects the diagonal subgroup. Moreover, (8%) and

(39) are conjugate. Hence the set of conjugacy classes can be identified with S*

quotient by the equivalence relation z ~ z. Let z = ¢, then
2l — 2=l sin(n4+1)40

41 n = " n—2 e -n _ —
(4.1) Xn(2) =2"4+2""+--+2 po—— e~

Now let us calculate the scalar product in the space of class function. It is clear that
the invariant measure dg on G is proportional to the standard volume form on the
three-dimensional sphere induced by the volume form on R%. Let C (6) denote the
conjugacy class of all matrices with eigenvalues e?, e=®. The characteristic polyno-
mial of a matrix from C' (#) equals t? — 2 cos 0t + 1. Thus, we obtain a +a = 2cos,
or a = cos f + yi for real y. Hence C () satisfy the equation

la]® + |b?| = cos? @ + y* + [b]* = 1,
or
y® + |b|* = sin 6.
In other words, C (6) is a two-dimensional sphere of radius sinf. Hence for a class
function ¢ on GG

27
/ ¢ (g)dg = % /0 ¢ (0) sin® 0d6.

All class function are even functions on S!, i.e. they satisfy the condition ¢ (—6) =
¢ (6). One can see easily from (4.1) that x, (¢) form an orthonormal basis in the
space of even function on the circle with respect to the Hermitian product

(@, m) = %/0 W@ (0)n (0) sin® Hd.

Example 3. Let G = SO3. Recall that SU; can be realized as the set of quater-
nions with norm 1. Consider the representation v of SU; in H defined by the formula
7y (@) = gag™'. One can see that the 3-dimensional space Hi, of pure imaginary
quaternions is invariant and (a, ) = Re (QB) is invariant positive definite scalar
product on Hj,,. Therefore p defines a homomorphism ~: SU; — SO5. Check that
Kervy = {1,—1} and that ~ is surjetive. Hence SO3 = SU,/{1,—1}. Thus, every
representation of SO3 can be lifted to the representations of SUs, and a representa-
tion of SU; factors to the representation of SOj iff it is trivial on —1. One can check
easily that p, (—1) = 1 iff n is even. Thus, an irreducible representations of SOj; is



8 REPRESENTATION THEORY WEEK 7

isomorphic to po,, and dim ps,, = 2m + 1. Below we give an independent realization
of irreducible representation of SOj.

Harmonic analysis on a sphere. Consider the sphere S? in R? defined by the
equation z? + y? + 22 = 1. It is clear that SO3 acts in the space of complex-valued

functions on S2. Introduce differential operators in R3:
—1 3 1

note that e, f, and h commute with the action of SO3 and satisfy the relations

le, f] = h, [h,e] = 2e, [h, f] =—2f.
Let P, be the space of homogeneous polynomial of degree n and H,, = Ker fNF,. The
polynomials of H,, are harmonic polynomials since they are annihilated by Laplace

operator. For any ¢ € P,
3
h(p)= (n+ 5) ©.

fele)=ef (p)=hie) == (n+3) v

If ¢ € H,, then

and by induction

fef (o) =efe" 1 (p) — he" ™ (¢) = — (nk‘ +k(k—1)+ %) "o,

In particular, this implies that

(4.2) fef (H,) = e (H,).
We prove that
(4.3) Po=H,De(H, ) @e* (Hyy)+...

by induction on n. Indeed, by induction assumption

P.o=H, s®e(Hpy)+...,
then (4.2) implies fe (P,—2) = P,—». Hence H, NeP,_2 = 0. On the other hand,
f: P, — P,_5 is surjective, and therefore dim H,, + dim P,,_s = dim P,. Therefore
(4.4) P,=H,® P, o,

which implies (4.3). Note that after restriction on S? the operator e acts as the
multiplication on _71

Hence (4.3) implies that
(C [52} — @nEOHn-

To calculate the dimension of H,, use (4.4)

dim H, = dim P, — dim P,y — 1t 1)2(” +2) _n (”2_ Doyt
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Finally, we claim that the representation of SO3 in H,, is irreducible and isomorphic
to pan. Check that ¢ = (z +iy)" € H, and the rotation on the angle 6 about z—
axis maps ¢ to ™. Since this rotation is the image of
61'9/2 0
0 6—@'9/27

under the homomorphism « : SUy; — SOs, the statement follows from (4.1).

Recall now the following theorem (Lecture Notes 1).

A convex centrally symmetric solid in R? is uniquely determined by the areas of
the plane cross-sections through the origin.

A convex solid B can be defined by an even continuous function on S2. Indeed,
for each unit vector v let

¢ (v) =sup {t*/2 | tv € B}.

Define a linear operator 71" in the space of all even continuous functions on S? by the
formula

Tso(v)zfowso(w)d&

where w runs the set of unit vectors orthogonal to v, and 6 is the angular parameter
on the circle S2Nwv+. Check that Ty (v) is the area of the cross section by the plane
v*. We have to prove that 7 is invertible.

Obviously T commutes with the SOs-action. Therefore T can be diagonalized.
Moreover, T acts on Hs, as the scalar operator A\,Id. We have to check that A, # 0
for all n. Let ¢ = (z + iy)*" € Ha,. Then ¢ (1,0,0) = 1 and

21 21
Ty (1,0,0) :/ (iy)*" do = (—1)“/ sin" 0do),
0 0

here we take the integral over the circle y? + z? = 1, and assume y = sinf, z = cos 6.
Since T'p = A\, , we obtain

2T
Ap = (—1)"/ sin*" 0df # 0.
0



PROBLEM SET # 7
MATH 252

Due October 21.

1. Show that SOy is isomorphic to the quotient of SU; x SU; by the subgroup
generated by (—1,—1). Hint : consider the representation of SU; x SU, in the space
of quaternions H by left and right multiplication.

2. Show the following identity for representations of SU;

Pm X Pn = Pm+n ¥ Pm+n—2 D---D Pm—n,

assuming m > n.

Date: October 13, 2005.
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VERA SERGANOVA

1. REPRESENTATIONS OF SLj (R)

In this section
G =SLy(R)={g € GLy (R) | detg = 1}.
Let K be the subgroup of matrices
[ cos 6 sin 0
9=\ —sin 0 cos 0)

The group K is a maximal compact subgroup of G, clearly K is isomorphic to S*. If
p: G — GL (V) is a unitary representation of G in a Hilbert space then then Resk p
splits into the sum of 1-dimensional representations of V. In particular, one can find
v € V such that py, (v) = e™v. Define the matrix coefficient function f : G — C
given by

f(g) = (v, pgv).
Then f satisfies the condition

f(990) = €m9f (9)-

Thus, one can consider f as a section of a linear bundle on the space G/K (if n =0,
then f is a function). Thus, it is clear that the space G/K is an important geometric
object, where the representations of G are “realized”.

Consider the Lobachevsky plane

H={2€C|Imz >0}

with metric defined by the formula dmzy%dyz and the volume form d;;ly. Then G

coincides with the group of rigid motions of H preserving orientation. The action of
G on H is given by the formula

az+b

— .

cz+d
One can check easily that G acts transitively on H, preserves the metric and volume.
Moreover, the stabilizer of ¢ € H coincides with K. Thus, we identify H with G/K.
The first series of representations we describe is called the representations of dis-
crete series. Those are the representations with matrix coefficients in L? (G). Let

Date: November 7, 2005.
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H be the space of holomorphic densities on H, the expressions ¢ (z) (dz)™?, where
¢ (2) is a holomorphic function on H satisfying the condition that

/ |g0|2y"_2dzd2

is finite. Define the representation of G in H; by

(v @) = (E50) (g™,

cz+d) (cz+d)
and Hermitian product on H,, the formula
(1) (o v @) = [ vy 2dzaz,
for n > 1. For n = 1 the product is defined by
(1.2 (@ wiasy) = [~ pvas,

in this case H{ consists of all densities which converge to L*-functions on the bound-
ary (real line). Check that this Hermitian product is invariant.
Let us show that H,, is irreducible. It is convenient to consider Poincaré model of

Lobachevsky plane using the conformal map
z—1
z+i
that maps H to a unit disk |w| < 1. Then the group G acts on the unit disk by
linear-fractional maps w — % for all complex a, b
satisfying |al? — |b|? = 1, and K is defined by the condition b = 0. If a = €%, then

Pge (W) = €2w. The invariant volume form is 424®

1—ww’
It is clear that w” (dw)"/ ? for all k > 0 form an orthogonal basis in H;", each vector

w =

wk (dw)"/2 is an eigen vector with respect to K, namely
s (") = P

It is easy to check now that H;! is irreducible. Indeed, every invariant closed subspace
V has a topological basis consisting of eigenvectors of K, in other words w* (dw)"/ ? for
some positive k must form a topological basis of V. Without loss of generality assume
that V' contains (dw)"/z, then by applying p, one can get that m (dw)"/z, and
m all elements of the basis appear with non-zero coefficients.
That implies w* (dw)™?* € V for all k > 0, hence V = H;.

One can construct another series of representations H,, by considering holomorphic
densities in the lower half-plane Im z < 0.

Principal series. These representations are parameterized by a continuous pa-

rameter s € Ri (s # 0). Consider now the action of GG on a real line by linear fractional

in Taylor series for
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1+s

transformations x — ‘”J’b Let P} denotes the space of densities ¢ (x) (dx) ™2 with
G-action given by

Lis ar +b e Lis
oo () (@) %) = (250 few 4 )%

The Hermitian product given by

(1.3) (s t)) = / " pvde

o)

is 1nvar1ant The property of invariance justify the choice of weight for the density as

(d:v) 5 (d:v) 7= = dx, thus the integration is invariant. To check that the represen-
tation is irreducible one can move the real line to the unit circle as in the example

of discrete series and then use e’ (d@)% as an orthonormal basis in PJ. Note that
the eigen values of p,, in this case are 2 for all integer k.

The second principal series P, can be obtained if instead of densities we consider
the pseudo densities which are transformed by the law

Py <g0 (x) (dx) lgs) = (a:v il b) lcx +d|™* " sgn (cx + d) dz's".

cr+d
Complementary series. Those are representations which do not appear in the
regular representation L2 (G). They can be realized as the representations in Cs of
all densities ¢ () (d:v) " for real 0 < s < 1. An invariant Hermitian product is

(1.4) ROES / / y) |z =y dady.

2. SEMISIMPLE MODULES AND DENSITY THEOREM

We assume that R is a unital ring. Recall that an R-module is semi-simple if for
any submodule N C M there exists a submodule N’ such that M = N & N’ and
R-module M is simple if any submodule of M is either M or 0.

Lemma 2.1. Every submodule and every quotient of a semisimple module is semisim-
ple.

Proof. If Let N be a submodule of a semisimple module M, and let P be a submodule
of N. Since M = P& P’, then there exists an R-invariant projector p : M — P. The
restriction of p to N defines the projector N — P. O

Lemma 2.2. Any semisimple R-module contains a simple submodule.

Proof. Let M be semisimple, m € M. Let N be a maximal submodule in Rm which
does not contain m (exists by Zorn’s lemma, take all submodules which do not contain
m ). Then Rm is semisimple and Rm = N & N’. We claim that N’ is simple. Indeed,
if N’ is not simple, then it contains a proper submodule P. But m ¢ P & N, since
P & N # Rm. That contradicts maximality of V. O
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Lemma 2.3. The following conditions on a module M are equivalent
(1) M is semisimple;
(2) M =3, ; M; for some simple submodules M;;
(3) M = @jesM; for some simple submodules M;.

Proof. (1) = (2) Let {M;},., be the collection of all simple submodules. Let N =
Y ic; M;, assume that N # M, then M = N @ N’ and N’ contains a simple submod-
ule. Contradiction.

To prove (2) = (3) let J C I be minimal such that M = }_._; M; (check that it
exists by Zorn’s lemma). By minimality of J for any k € J, M}, does not belong to
ZjeJ_k M;. Therefore M = @jc;M;.

Finally, let us prove (3) = (1). Let N C M be a submodule and S C J be a
maximal subset such that NN@,csM; = 0. Let M' = N @ (®,esM;). We claim that
M' = M. Indeed, assume that the statement is false. Then there exists k such that
M, N M = 0. But then N N @jes+xM; = 0. Contradiction. O

Lemma 2.4. Let M be a semisimple module. Then M is simple iff Endg (M) is a
division ring.
Proof. In one direction this is Shur’s lemma. In the opposite direction if M = M; &

Mo, then the projectors py, ps satisfy pips = 0 and therefore py, po are not invertible.
O

Lemma 2.5. Let Endg (M) = K, Endg (M) = S. Then K = Endg (M®") =
Mat,, (K) and Endp (M®") = S, the last isomorphism is given by the diagonal action
S (v, ) = (SU1,. .., SU,).

Proof. See similar statement in lecture notes 3. O
Theorem 2.6. (Jacobson-Chevalley density theorem). Let M be a semisimple R-

module, K = Endg (M), S = Endg (M). Then for any vy,...,v, € M and X € S
there exists r € R such that rv; = Xv; for alli =1,... n.

Proof. First, let us prove it for n = 1. It suffices to show that Rv is S-invariant.
Indeed, M = Rv @ N, and p be the projector on N with kernel Rv. Then p € K,
hence Ker p is S-invariant.
For arbitrary n, note that M®" is semisimple and use Lemma 2.5. Then for any
X €S, v=(vy,...,v,) there exists r € R such that
(v, .. Un) = X (V1,...,0,).
O

Corollary 2.7. Let M be a semisimple R-module, K = Endg (M), and M is finitely
generated over K. Then the natural map R — Endg (M) is surjective.

Corollary 2.8. Let R be an algebra over an algebraically closed field k, and p: R —
Endy (V) be an irreducible finite-dimensional representation. Then p is surjective.
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Corollary 2.9. Let R, p and V be as in previous statement but k is not algebraically
closed. Then p(R) = Endp (V) for some division ring D containing k.

3. SEMISIMPLE RINGS

A ring R is semi-simple if every R-module is semisimple. For example, a group
algebra k (G) for a finite group G such that char k& does not divide |G| is semisimple.

Lemma 3.1. Let R be semisimple, then R is a finite direct sum of its minimal left
ideals.

Proof. R is semisimple over itself. Hence R = ®;c;L;, where L; are minimal left
ideals. But 1 =1; + --- + [,,, hence I is finite. OJ

Theorem 3.2. (Wedderburn-Artin) Every semisimple ring is isomorphic to Mat,,, (D;) %
.-+ x Maty, (D) for some division rings Dy, ..., D.

Proof. Consider the submodules Jy, ..., Ji, each J; is the sum of all isomorphic min-
imal left ideals. Then J; is a two-sided ideal and

R=JL& @ J,
where J; = [, Let D{® = Endg (I;), then
R® = Endg (R) = Endg (J1) X -+ x Endg (Jg) = Mat,, (D{?) x -+ x Mat,, (D;").
U



PROBLEM SET # 8
MATH 252

Due October 28.

1. Classify all irreducible (continuous) representations of O, (the group of orthog-
onal 2 x 2-matrices).

2. Check that the Hermitian products (1.2) and (1.4) defined in lecture notes 8
are invariant.

3. Show that the operator T': PJ — P*, defined by the formula

1 (o) = ([ ooy ) ar's

is intertwining. Therefore P is isomorphic to P¥,.

Date: October 20, 2005.
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1. JORDAN-HOLDER THEOREM AND INDECOMPOSABLE MODULES

Let M be a module satisfying ascending and descending chain conditions (ACC
and DCC). In other words every increasing sequence submodules M; C M, C ... and
any decreasing sequence M; D My D ... are finite. Then it is easy to see that there
exists a finite sequence

M=MyDM D---DM,=0

such that M;/M;,; is a simple module. Such a sequence is called a Jordan-Hélder
series. We say that two Jordan Holder series

M:MODMlD"'DMk:07M2N03N1D"'DNZZO
are equivalent if £ = [ and for some permutation s M;/M;;1 = Ny /Negiy41-
Theorem 1.1. Any two Jordan-Hdélder series are equivalent.

Proof. We will prove that if the statement is true for any submodule of M then it
is true for M. (If M is simple, the statement is trivial.) If M; = Nj, then the
statement is obvious. Otherwise, My + Ny = M, hence M/M; = Ny/ (M; N N;7) and
M/Ny; =2 M,/ (M; N Ny). Consider the series

M:MQDMlDMlﬂNlDKlD"'DKSZO,M:NQDNlDNlﬂMlDKlD"
They are obviously equivalent, and by induction assumption the first series is equiv-

alent to M = My D M; D --- D My = 0, and the second one is equivalent to
M = Ny D Ny D --- D N; ={0}. Hence they are equivalent. O

Thus, we can define a length [ (M) of a module M satisfying ACC and DCC, and
if M is a proper submodule of N, then [ (M) <[ (N).
A module M is indecomposable if M = M; & M, implies M; = 0 or My = 0.

Lemma 1.2. Let M and N be indecomposable, « € Hompg (M, N), 8 € Hompg (N, M)
be such that o « is an isomorphism. Then « and (3 are isomorphisms.

Proof. We claim that N = Ima@ Ker . Indeed, ImanNKer f = 0 and for any x € N
one can write # =y + z, where y = a o (3o a) ' o 3 (x), 2 =  — y. Then since N is
indecomposable, Ima = N, Ker 3 =0 and N = M. 0J

Date: November 7, 2005.
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Lemma 1.3. Let M be indecomposable module of finite length and ¢ € Endg (M),
then either ¢ is an isomorphism or  is nilpotent.

Proof. There is n > 0 such that Ker¢" = Ker "™, Im¢" = Im ", In this case
Ker " NIm ¢™ = 0 and hence M = Ker ¢" & Im ¢". Either Ker " =0, Im " = M
or Ker " = M. Hence the lemma. UJ

Lemma 1.4. Let M be as in Lemma 1.3 and ¢, 1, po € Endg (M), ¢ = @1 + @o. If
@ is an isomorphism then at least one of @1, @9 is also an isomorphism.

Proof. Without loss of generality we may assume that ¢ = id. But in this case ¢
and o commute. If both ¢y and @9 are nilpotent, then ¢ + @5 is nilpotent, but this
is impossible as ¢ 4+ w9 = id. OJ

Corollary 1.5. Let M be as in Lemma 1.3. Let ¢ = @1 + -+ + ¢ € Endg (M). If
@ is an isomorphism then p; is an isomorphism at least for one 1.

It is obvious that if M satisfies ACC and DCC then M has a decomposition
M:Ml@"'@Mk,
where all M; are indecomposable.

Theorem 1.6. (Krull-Schmidt) Let M be a module of finite length and
M=M® - - OM, =N, D---DN,

for some indecomposable M; and N;. Then k = | and there exists a permutation s
such that M; = Ng;).

Proof. Let p; : My — N; be the restriction to M; of the natural projection M — N;,
and ¢; : N; — M, be the restriction to N; of the natural projection M — M;. Then
obviously ¢1p1 + - -+ + ¢;p = id, and by Corollary 1.5 there exists ¢ such that ¢;p; is

an isomorphism. Lemma 1.2 implies that M; = N;. Now one can easily finish the
proof by induction on k. O

2. SOME FACTS FROM HOMOLOGICAL ALGEBRA

The complex is the graded abelian group C. = ®;>0C;. We will assume later that
all C; are R-modules for some ring R. A differential is an R-morphism of degree —1
such that d? = 0. Usually we realize C. by the picture

i—>01i>00—> 0.

We also consider d of degree 1, in this case the superindex C" and
0—-c*Lcr L

All the proofs are similar for these two cases.
Homology group is H; (C') = (Kerd N C;) /dCiyq.
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Given two complexes (C.,d) and (C’,;d’). A morphism f : C. — C' preserving
grading and satisfying fod = d' o f is called a morphism of complexes. A morphism
of complexes induces the morphism f.: H. (C) — H. (C").

Theorem 2.1. (Long exact sequence). Let
o-cLoto o
be a short exact sequence, then the long exacts sequence
S H(C) S H (O L B (0L H (0) S
where § = g~ ' od o f~1, is exact.

Let f,g : C. — C’ be two morphisms of complexes. We say that f and ¢ are
homotopically equivalent if there exists h : C. — C' (+1) (the morphism of degree 1)
such that f —g=hod+d oh.

Lemma 2.2. If f and g are homotopically equivalent then f, = g..
Proof. Let ¢ = f — g, v € C; and dz = 0. Then
¢ (x) = h(dz) +d (hx) =d (hz) € Imd'.
Hence f, — g, = 0. O
We say that complexes C. and C’ are homotopically equivalent if there exist f :
C. — C’and g : C' — C. such that f o g is homotopically equivalent to id¢er and go f

is homotopically equivalent to id¢. Lemma 2.2 implies that homotopically equivalent
complexes have isomorphic homology. The following Lemma is straightforward.

Lemma 2.3. IfC. and C’ are homotopically equivalent then the complexes Homp (C., B)
and Homp, (C') are also homotopically equivalent.

Note that the differential in Hompg (C., B) has degree 1.

3. PROJECTIVE MODULES

An R-module P is projective if for any surjective morphism ¢ : M — N and any
1 : P — N there exists f : P — M such that ¢) = ¢o f.

Example. A free module is projective. Indeed, let {e;}, ,be the set of free
generators of a free module F', i.e. F' = @®;crRe;. Define f 1 F — M by f(e;) =

¢~ (¢ (e)).
Lemma 3.1. The following conditions on a module P are equivalent

(1) P is projective;
(2) There exists a free module F' such that F' =~ P & P’;
(3) Any exact sequence 0 — N — M — P — 0 splits.
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Proof. (1) = (3) Consider the exact sequence

0-N&ML P o

then since 1 is surjective, there exists f : P — M such that ¢ o f = idp.
(3) = (2) Every module is a quotient of a free module. Therefore we just have to
apply (3) to the exact sequence

0O—-N—-F—=P—0

for a free module F'.

(2) = (1) Let ¢ : M — N be surjective and ¢ : P — N. Choose a free module F'
so that ' = P& P’. Then extend ¢ to F' — N in the obvious way and let f : F' — M
be such that ¢o f = 1). Then the last identity is true for the restriction of f to P. [

A projective resolution of M is a complex P. of projective modules such that
H; (P)=0fori>0and Hy (P) = M. A projective resolution always exists since one
can easily construct a resolution by free modules. Below we prove the “uniqueness”
statement.

Lemma 3.2. Let P. and P’ be two projective resolutions of the same module M.
Then there exists a morphism f : P — P’ of complexes such that f. : Hy(P) —
Hy (P') induces the identity idy;. Any two such morphisms f and g are homotopically
equivalent.

Proof. Construct f inductively. Let p : By — M and p' : P; — M be the natural
projections, define f : Py — BjJ so that p’ o f = p. Then

f (Kerp) C Kerp', Kerp=4d(P,), Kerp' =d (P}),

hence fod(P,) C d (P]), and one can construct f : P, — Pj such that fod =d o f.
Proceed in the same manner to construct f: P, — P;.
To check the second statement, let ¢ = f — ¢g. Then p’ o o = 0. Hence

¢ (P) C Kerp/ =d (P)).
Therefore one can find h : By — P| such that d' o h = . Furthermore,
dohod=ypod=d oy,

hence
(p—hod)(P) Cc P NnKerd =d (P;).

Thus one can construct h : P, — P, such that ' o h = ¢ — h od. Then proceed
inductively to define h: P — P/ ,. O

Corollary 3.3. Every two projective resolutions of M are homotopically equivalent.



REPRESENTATION THEORY WEEK 9 5

Let M and N be two modules and P. be a projective resolution of M. Consider
the complex
0 — Hompg (FPo, N) — Hompg (P, N) — ...

where the differential is defined naturally. The cohomology of this complex is denoted
by Exty (M, N). Lemma 2.3 implies that Exty, (M, N) does not depend on a choice
of projective resolution for M. Check that Ext}, (M, N) = Homg (M, N).

Example 1. Let R = C|[z] be the polynomial ring. Any simple R-module is
one-dimensional and isomorphic to C[z]/(z — A). Denote such module by Cy. A
projective resolution of C, is

Y

0—Clz] L Clz] — 0,
where d (1) = x — A. Let us calculate Ext (Cy,C,). Note that Homcy, (C,) = C,
hence we have the complex
0-CLcCc—o

where d* = A—p. Hence Ext (Cy,C,) = 0if A # pand Ext’ (C,, C,) = Ext' (Cy,C)) =
C.

Example 2. Let R = Clz]/(z*). Then R has one up to isomorphism simple
module, denote it by Cy. A projective resolution for Cy is

LRLR— 0,
where d (1) = z and Ext’ (Cy, Cy) = C for all i > 0.

4. REPRESENTATIONS OF ARTINIAN RINGS

An artinian ring is a unital ring satisfying the descending chain condition for
left ideals. We will see that an artinian ring is a finite length module over itself.
Therefore R is automatically noetherian. A typical example of an artinian ring is a
finite-dimensional algebra over a field.

Theorem 4.1. Let R be an artinian ring, I C R be a left ideal. If I is not nilpotent,
then I contains an idempotent.

Proof. Let J be a minimal left ideal, such that J C I and J is not nilpotent. Then
J? = J. Let L be a minimal left ideal such that L C J and JL # 0. Then there
is x € L such that Jxr # 0. But then Jr = L by minimality of L. Thus, for some
r € R, rv =z, hence r’z = rx and (r*? —r)z = 0. Let N = {y € J | yz = 0}. Then
N is a proper left ideal in J and therefore N is nilpotent. Thus, we obtain
r?=r mod N.
Let n =r? —r, then
(r4+n—2rm)>=r?+2rn —4*n mod N?,

2+ 2rn —4r*n=r+n—2rn mod N2
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Hence 71 = r +n — 2rn is an idempotent modulo N2. Repeating this process several
times we obtain an idempotent. O

Corollary 4.2. If an artinian ring does not have nilpotent ideals, then it is semisim-
ple.

Proof. The sum S of all minimal left ideals is semisimple. By DCC §'is a finite direct
sum of minimal left ideals. Then S contains an idempotent e, which is the sum of
idempotents in each direct summand. Then R = S @ R(1 — e), however that implies
R=2S. O

Important notion for a ring is the radical. For an R-module M let
AmmM ={r e R|x2M =0}.
Then the radical rad R is the intersection of Ann M for all simple R-modules M.
Theorem 4.3. If R is artinian then rad R is a maximal nilpotent ideal.

Proof. First, let us show that rad R is nilpotent. Assume the contrary. Then rad R
contains an idempotent e. But then e does not act trivially on a simple quotient of
Re. Contradiction.

Now let us show that any nilpotent ideal N lies in rad R. Let M be a simple
module, then NM # M as N is nilpotent. But NM is a submodule of M. Therefore
NM = 0. Hence N C Ann M for any simple M. U

Corollary 4.4. An artinian ring R is semisimple iff rad R = 0.
Corollary 4.5. If R is artinian, then R/rad R is semisimple.
Corollary 4.6. If R is artinian and M is an R-module, then for the filtration
M> (radR)M > (rad R)>M > --- > (rad R)* M =0
all quotients are semisimple. In particular, M always has a simple quotient.
Theorem 4.7. If R is artinian, then it has finite length as a left module over itself.

Proof. Consider the filtration R = Ry D R D --- D R, = 0 where R; = (rad R)".
Then each quotient R;/R;; is semisimple of finite length. The statement follows. [

Let R be an artinian ring. By Krull-Schmidt theorem R (as a left module over
itself) has a decomposition into direct sum of indecomposable submodules R = L; &
++- @ L,. Since Endg (R) = R°P, the projector on each component L; is given by
multiplication on the right by some idempotent e;. Thus, R = Re; ® --- ® Re,,
where e; are idempotents and e;e; = 0 if ¢ # j. This decomposition is unique up
to multiplication on some unit on the right. Since Re; is indecomposable, e; can
not be written as a sum of two orthogonal idempotents, such idempotents are called
primitive. Each module Re; is projective.
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Lemma 4.8. Let R be artinian, N = rad R and e be a primitive idempotent. Then
Ne is a unique maximal submodule of Re.

Proof. Since Re is indecomposable, every proper left ideal is nilpotent, (otherwise it
has an idempotent and therefore splits as a direct summand in Re). But then this
ideal is in N N Re = Ne. O

A projective module P is a projective cover of M if there exists a surjection P — M.

Theorem 4.9. Let R be artinian. Every simple R-modules S has a unique (up to an
isomorphism) indecomposable projective cover isomorphic to Re for some primitive
idempotent e € R. Every indecomposable projective module has a unique (up to an
isomorphism )simple quotient.

Proof. Every simple S is a quotient of R, and therefore it is a quotient of some
indecomposable projective P = Re. Let ¢ : P — S be the natural projection. For
any indecomposable projective cover P; of S with surjective morphism ¢, : P, — S
there exist f : P — P, and g : P, — P such that ¢ = ¢;0 f and ¢ = ¢og. Therefore
¢ = ¢pogo f. Since Ker¢ is the unique maximal submodule, go f(P) = P. In
particular g is surjective. Indecomposability of P, implies P = P;. Thus, every
simple module has a unique indecomposable projective cover.

On the other hand, let P be an indecomposable projective module. Corollary 4.6
implies that P has a simple quotient S. Hence P is isomorphic to the indecomposable
projective cover of S. O

Corollary 4.10. Every indecomposable projective module over an artinian ring R is
isomorphic to Re for some primitive idempotent e € R. There is a bijection between
the ismorphism classes of simple R-modules and isomorphism classes of projective
indecomposable R-modules.

Example. Let R = F3(S3). Let r be a 3-cycle and s be a transposition. Then
r—1,72—1, sr — s and sr? — s span a maximal nilpotent ideal. Hence R has two (up
to an isomorphism) simple modules L; and Ly, where L, is a trivial representation
of S3 and Ls is a sign representation. Choose primitive idempotents e; = —s — 1 and
es = s — 1, then 1 = e; + e5. Hence R has two indecomposable projective modules
P, = Re; and P, = Rey. Note that

Re; = Indgz (triv), Rey = Indgz (sgn) .

Thus, P, is just 3-dimensional permutation representation of Ss, and P, is obtained
from P, by tensoring with sgn. It is easy to see that P, has a trivial submodule
as well as a trivial quotient, and sgn is isomorphic to the quotient of the maximal
submodule of P, by the trivial submodule. One can easily get a similar description
for P, Thus, one has the the following exact sequences

0—Ly— P —P — L — 0, 0—-Li—P— P — Ly — 0,
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therefore
PP PP P —->PFP PP —0
is a projective resolution for L, and
Pk -P P —>FP—>P—->P—-P—PFP—0
is a projective resolution for Ls. Now one can calculate Ext between simple modules
Extf (L;, L;) =0if k=1,2 mod 4, Ext® (L;, L;) =F3 if k=0,3 mod 4,
and if ¢ # j, then
Ext® (L, L;) =0if k =0,3 mod 4, Ext® (L, L;) =F3if k=1,2 mod 4.



PROBLEM SET # 1
MATH 252

Due November 4.
1. Let R be the algebra of polynomial differential operators. In other words R is
generated by x and % with relation

0 0
oz Toz
(The algebra R is called the Weyl algebra.) Let M = C[z] have a structure of R-
module in the natural way. Show that Endg (M) = C, M is an iireducible R-module
and the natural map R — End¢ (M) is not surjective.
2. Let R be a subalgebra of upper triangular matrices in Mat, (C). Classify

simple and indecomposable projective modules over R and evaluate Exty, (M, N) for
all simple M and N.

1.

Date: October 27, 2005.
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1. REPRESENTATIONS OF QUIVERS

I follow here Crawley-Boevey lectures trying to give more details concerning ex-
tensions and exact sequences.

A quiver is an oriented graph. If Q) is a quiver, then we denote by Qg the set of
vertices and by () the set of arrows. Usually we denote by n the number of vertices.
If v: j «iis an arrow then i = s (), j =t (7).

Fix an algebraically closed field k. A representation V' of a quiver is a collection of
vector spaces {Vi},.,, and linear maps p, : V; — V; for each arrow : i — j. For two
representations of a quiver ), pin V and ¢ in W define a homomorphism ¢: V — W
as a set of linear maps ¢;: V; — W, such that the diagram

v, &
| ¢; | ¢
W, &w,

is commutative. We say that two representations V' and W are isomorphic if there
is a homomorphism ¢ € Homg (V, W) such that each ¢; is an isomorphism. One can
define a subrepresentation and a direct sum of representation of () in the natural way.
A representation is irreducible if it does not have non-trivial proper subrepresentation
and indecomposable if it is not a direct sum of non-trivial subrepresentations.

Example 1.1. Let @ be the quiver @ — o. A representation of () is a pair of vector
spaces V and W and a linear operator p : V. — W. Let Vj = Kerp, V; is such that
V =Vye& Vi, Wy = Imp, and W is such that W = Wy ®W;. Then Vy — 0, Vi — W)
and 0 — W are subrepresentations and p is their direct sum. Furthermore, Vj — 0
is the direct sum of dim Vg copies of &k — 0, Vi — W, is the direct sum of dimV}
copies of £k — k and finally 0 — Wj is the direct sum of dim W, copies of 0 — k.
Thus, we see that there are exactly three isomorphism classes of indecomposable
representations of ),0 — k, k — k, k — 0. The first and the last one are irreducible,
0 — k is a subrepresentaion of k — k and k — 0 is a quotient of k — k by 0 — k.

Date: December 4, 2005.
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2. PATH ALGEBRA

Given a quiver ). A path p is a sequence 7 ...~y of arrows such that s(v;) =
t (Vig1). Put s(p) = s(w), t(p) = t(71). Define a composition pips of two paths
such that s(p;) = ¢ (p2) in the obvious way and we set pyps = 0 if s(p1) # ¢ (p2).
Introduce also elements e; for each vertex ¢ € Qo and define e;e; = d;5¢;, e;p = p if
i =t (p) and 0 otherwise, pe; = p if i = s (p) and 0 otherwise. The path algebra k (Q)
is the set of k-linear combinations of all paths and e; with composition extended by
linearity from ones defined above.

One can easily check the following properties of a path algebra

(1) k(Q) is finite-dimensional iff Q) does not have oriented cycles;

(2) If @ is a disjoint union of () and @2, then k (Q) = k (Q1) X k (Q2);

(3) The algebra k() has a natural Z-grading @52k (Q)),, defined by dege; = 0
and the degree of a path p being the length of the path;

(4) Elements e; are primitive idempotents of &k (Q)), and hence k (Q) e; is an inde-
composable projective k (Q))-module.

The first three properties are trivial, let us check the last one. Suppose e; is not
primitive, then one can find an idempotent ¢ € k (Q) e;. Let € = coe;+cipr+- - - +crpr,
where s (p;) =i forall j < k. Thene? = ¢ impliescy = 0or 1. Let ¢cg = 0,e = g/+.. .,
where dege; = [ and other terms have degree greater than [. But then 2 starts with
degree greater than 2[, hence ¢ = 0. If ¢y = 1, apply the same argument to the
idempotent (e; — €).

Given a representation p of () one can construct a k (Q)-module

V= @ Vi, eV = 03 1dy, , yv = pyv if v € Vi, 7 (v) = 0 otherwise.
1€Q0
For any path p =", ...y and v € V put pv = p,, o--- 0 p,, (v).
On the other hand, every k (Q)-module V' defines a representation p of () if one
puts V; = ¢e;V.
The following theorem is straightforward.

Theorem 2.1. The category of representations of () and the category of k(Q)-
modules are equivalent.

Lemma 2.2. The radical of k (Q) is spanned by all paths p satisfying the property
that there is no return paths, i.e. back from t (p) to s (p).

Proof. 1t is easy to see that the paths with no return span a two-sided ideal R. Note
that R" = 0, where n is the number of vertices. Thus, R C rad k (Q). On the other
hand, let y ¢ R and p be a shortest path in decomposition of y which has a return
path. Choose a shortest path s such that 7 = sp is an oriented cycle. Consider the
representation of () which has k£ in each vertex of 7 and 0 in all other vertices. Let
py = Id, if v is included in 7 and p, = 0 otherwise. Let V' be the corresponding & (Q)-
module. Then V is simple, sy (V) # 0. Hence y ¢ rad k (Q)). Contradiction. O
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Example 2.3. If () has one vertex and n loops then & (Q) is a free associative algebra
with n generators. If () does not have cycles, then k (Q)) is the subalgebra in Mat,, (k)
generated by elementary matrices Ej; for each ¢ € Qg and Ej; for each arrow ¢ — j.

3. STANDARD RESOLUTION

Theorem 3.1. Let () be a quiver, A = k(Q) and V be an A-module. Then the
sequence

0— @ Aej®Wi>@Aei®Wﬂ>V—> 0,
y=(i—7)€Q1 1€Qo
where f (ae; @ v) = aejy @ v — ae; @ yv, g (ae; ® v) = av for any v € V;, is exact. It
is a projective resolution.

Proof. First, check that g o f = 0. Indeed,
g (f (ae; ®v)) = g(aejy @ v — ae; ® yv) = aejyv — aejyv = 0.

Since V' = ®e;V;, g is surjective. To check that f is injective, introduce the grading
on A®V using degV = 0. By grf denote the homogeneous part of highest degree
for f. Note that the grf increases the degree by one and

grf = ©yeq, [, where f,: Ae; ® V; — Ay ® V; is defined by
Iy (ae; ® v;) = aejy @ v,
for v : © — j. One can see from this formula that f, is injective, therefore grf is

injective and hence f is injective.
To prove that Im f = Ker g note that

ae;y®v = ae; @ yv - mod Im f,
therefore for any 2 € @, Ae; ® Vi
r=x9 mod Imf

for some x( of degree 0. In other words zy € ®i€Q0 ke; @ V;. If g(x) = 0, then
g (xg) = 0, and if g (x¢) = 0, then obviously zo = 0. Hence x =0 mod Im f. O

Theorem 3.1 implies that Ext' (X,Y) can be calculated as coker d of the following
complex

(3.1) 0— P Homy (X;, V) S @ Homy (X,,Y;) — 0,
1€Qo v=(i—j)€Q1

where

(3.2) do (v) = ¢ (yr) — ¢ (2)

for any x € X;, v = (i — j).
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Lemma 3.2. Every ¢ € Ext' (X,Y) induces a non-split exact sequence
0—-Y—-7Z—-X— 0.
If Ext! (X,Y) =0, then every exacts sequence as above splits.

Proof. Let
0—-Y—->272—-X—>0

be an exact sequence of representations of (). Then Z; can be identified with X; ®Y;
for every i. For every arrow v: ¢ — j the action on Z is defined by

Y (2, y) = (yo, vy + ¥y (7)),

for some 1, € Homy, (X;,Y;). Thus, ¢ can be considered as an element in the second
non-zero term of (3.1). If the exact sequence splits, then there is n € Homg (X, Z)
such that for each i € Qq, x € X;

n(z) = (z, i (z)),
for some ¢; € Homy, (X;,Y;). Furthermore, n € Homg (X, Z) iff for each v: i — j
v (@, i (2) = (yo,7¢i (x) + ¥y () = (2, ¢ (72))
which implies
Uy () = &5 (va) — v (2).-

In other words, ) = d¢. Thus, Ext' (X,Y) parameterizes the set of non-split exact
sequences

0—-Y—-27—-X— 0.
O
Corollary 3.3. In the category of representations of Q, Ext’ (X,Y) =0 for i > 2.

Corollary 3.4. Let
0—-Y—->272—-X—>0

be a short exact sequence of representations of (), then
Ext' (V,Z) — Ext' (V, X), Ext!' (Z,V) — Ext' (Y, V)
are surjective.

Lemma 3.5. If X and Y are indecomposable and Ext' (Y, X) = 0, then every non-
zero ¢ € Homg (X, Y) is either surjective or injective.

Proof. Use the exact sequences

0—=Kerp = X = Imp — 0,

(3.3) 0—=Imp—-Y —->5S=2Y/Imp — 0.
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Ut

The exact sequence (3.3) can be considered as an element ¢ € Ext'(S,Im¢) by
use of Lemma 3.2. By Corollary 3.3 we have an isomorphism g: Ext'(S,Im ) =
Ext' (S, X). Then g (1) induces the exact sequence

0—-X—-27—-85— 0,

and this exact sequence together with (3.3) form the following commutative diagram

e

0O - X - Z - S — 0
17 l”’ l
0 — Imy 5Y -8 -0

here 3 and 7 are surjective. We claim that the sequence

OﬁXﬂ)Z@Imgpﬁ)Y—)O

is exact. Indeed, oo+ (3 is obviously injective and v — 9 is surjecitve. Finally, dim Z =
dim X +dim S, dimIm ¢ = dimY — dim S. Therefore,

dim (Z @ Imp) = dim X + dimY,

and therefore Ker (y — ¢) = Im (o + ).
But Ext' (Y, X) = 0. Hence the last exact sequence splits, Z @ Im ¢ = X@Yand
by Krull-Schmidt theorem either X = Imy or Y = Im ¢. OJ

Intoduce dim X as a vector x = (x1,...,x,) € Z" where n is the number of vertices
and z; = dim X;. Define the bilinear form

(@y)= wwyi— Y. ;= dimHomg (X,Y) - dim Ext! (X,Y)
i€Qo (i—7)€eQ1

(the equality follows from (3.1)). We also introduce the symmetric form

(z,y) = (z,y) + (y, 2)
and the quadratic form
q(z) = (z,x).

4. BRICKS

Here we discuss further properties of finite-dimensional representations of A =
k(Q).

Recall that if X is indecomposable and has finite length, then ¢ € Endg (X) is
either isomorphism or nilpotent. Since we assumed that k is algebraically closed, ¢ =
A1d for any invertible ¢ € Endg (X). A representation X is a brick, if Endg (X) = k.
If X is a brick, then X is indecomposable. If X is indecomposable and Ext' (X, X) =
0, then X is a brick due to Lemma 3.5.
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Example 4.1. Consider the quiver @ — o. Then every indecomposable is a brick.
For the Kronecker quiver @ = o the representation k* =4 k* with a = 1d, § = (§5) is
not a brick. Indeed, ¢ = (1, p2) where @1, p2 are matrices (j3), belongs to Endg (X).

Lemma 4.2. Let X be indecomposable and not a brick, then X contains a brick W
such that Ext' (W, W) # 0.

Proof. Choose ¢ € Endg (X), ¢ # 0 of minimal rank. Since rk ¢? < rk g, * = 0. Let
Y=Imy, Z=Kery. Let Z=2,@---® Z, be a sum of indecomposables. Let p; :
Z — Z; be the projection. Choose i so that p; (Y) # 0 and let n = p; 0@ € Endg (X)
(well defined since Im ¢ € Ker ¢). Note that by our assumption rkn = rk ¢, therefore
pi Y — Z; is an embedding. Let Y; = p; (V). Then Kern = Z, Imn =Y.
We claim now that Ext' (Z;, Z;) # 0. Indeed, Ext' (Y;, Z) # 0 by exact sequence
0—>27—X2% Y, — 0
and indecomposability of X. Then the induced exact sequence
027 —X;, 5Y: =0

does not split also. (Ifit splits, then Z; is a direct summand of X, which is impossible).
Therefore Ext' (Y;, Z;) # 0. But Y; is a submodule of Z;. By Corollary 3.4 we have
the surjection
Ext' (Z;, Z;) — Ext' (Y;, Z;) .
If Z; is not a brick, we repeat the above construction for Z; e.t.c. Finally, we get
a brick. 0

Corollary 4.3. Assume that the quadratic form q is positive definite. Then every
indecomposable X is a brick with trivial Ext* (X, X); moreover, if z = dim X, then

q(z) =1

Proof. Assume that X is not a brick, then it contains a brick Y such that Ext' (Y,Y) #
0. Then

q(Y) =dimEndg (V) — dimExt' (Y,Y) = 1 — dim Ext' (Y,Y) <0,
but this is impossible. Therefore X is a brick. Now
¢ () = dimEndg (X) — dimExt' (X, X) = 1 — dim Ext" (X, X) > 0,
hence ¢ (z) = 1 and dim Ext' (X, X) = 0. O

5. ORBITS IN REPRESENTATION VARIETY

Fix a quiver @, recall that n denotes the number of vertices. Let z = (x1,...,z,) €
Z%. Define

Rep (z) = H Homy, (K%, k®7) .

(i—7)€eQ1
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It is clear that every representation of ) of dimension x is a point in Rep (z). Let

G=]]GL(¥).
1€Qo

Then G acts on Rep (z) by the formula gy;; = glgpgj , for each arrow ¢+ — j. Two
representations of () are isomorphic iff they belong to the same orbit of G. For a
representation X we denote by Ox the corresponding G-orbit in Rep (z).

Note that

dim Rep (z Z zixy, dimG = Z x;
(i—7)€eQ1 1€Qo
therefore
(5.1) dimRep (z) —dimG = —¢ (x) .

Since G is an affine algebraic group acting on an affine algebraic variety, we can work
in Zariski topology. Then each orbit is open in its closure, if O and O" are two orbits
and O' C O, O # O, then dim O’ < dim O. Finally, we need the formula

dim Ox = dim G — dim Staby,

here Stabx stands for the stabilizer of X. Also note that in our case the group G is
connected, therefore each G-orbit is irreducible.

Lemma 5.1. dim Stabyx = dim Autg (X) = dim Endg (X).

Proof. The condition that ¢ € Endg (X) is not invertible is given by the polynomial
equations det ¢; = 0. Since Autg (X) is not empty, we are done. O

Corollary 5.2.
codim Oy = dim Rep (z)—dim G+dim Stabx = —¢ (z)+dim Endg (X) = dim Ext' (X, X) .

Lemma 5.3. Let Z be a nontrivial extension of Y by X, i.e. there is a non-split
exact sequence

0—-X—-272—-Y — 0.
Then OX@Y C OZ and OX@Y 7é Oy.

Proof. Write each Z; as X; @ Y; and define g;\ x, = Id, g;\ y; = Ald for any A # 0.
Then obviously X @ Y belongs to the closure of g (Z). It is left to check that
X @Y 2 Z. But the sequence is non-split, therefore

dim Homg (Y, Z) < dimHomg (Y, X @ Y).

Corollary 5.4. If Ox is closed then X is semisimple.
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6. DYNKIN AND AFFINE GRAPHS

Let T be a connected graph with n vertices, then I' defines a symmetric bilinear

form (-,-) on Z"
(2,9) =) 2wy — Y xiy.
i€l (3,5)el
If I is equipped with orientation then the symmetric form coincides with the intro-
duced earlier symmetric form of the corresponding quiver. The matrix of the form
(+,-) in the standard basis is called the Cartan matriz of T.

Example 6.1. The Cartan matrix of e — e is (2__1§)

Theorem 6.2. Given a connected graph I', exactly one of the following conditions
holds

(1) The symmetric (-,-)form is positive definite, then I" is called Dynkin graph.

(2) The symmetric form (-, -)is positive semidefinite, there exist § € Z%, such that
(0,2) = 0 for any « € Z". The kernel of (-,-) is Z6. In this case I' is called
affine or Euclidean.

(3) There is x € Z2, such that (x,x) < 0. Then I' is called of indefinite type.

A Dynkin graphs is one of A, D,,, Eg, Er, Es. An affine graphs is one of A,,, f)n, Eﬁ, E7, E.
Every affine graph is obtained from a Dynkin graph by adding one vertex.

Proof. First, we check that A,, D,, Fs, Fr, Es define a positive definite form using the
Sylvester criterion and the fact that every subgraph of a Dynkin graph is Dynkin.
One can calculate the determinant of the Cartan matrix inductively. 1t is n 4+ 1 for
An, 4 for D, 3 for Es, 2 for E; and 1 for Es. In the same way one can check that
the Cartan matrices of affine graphs have determinant 0 and corank 1. The rows are
linearly dependent with positive coefficients. Any other graph I" has an affine graph
[ as a subgraph, hence either (4,0) < 0 or (20 + «a;,2d + ;) < 0, if «; is the basis
vector corresponding to a vertex ¢ which does not belong to I but is connected to
some vertex of I". O

A vector a € Z" is called a root if ¢ (a) = ((12—‘1) < 1. It is clear that ay, ..., a, are

roots. They are called simple roots.

Lemma 6.3. Let ' be Dynkin or affine. If o is a root and o = myayq + -+« - + My,
then either all m; > 0 or all m; < 0.

Proof. Let v = 8 — v, where 3 = 3, mic;, v = >4, mja; for some m;,m; > 0,
then ¢ () = q(B) + q(v) — (B,7). Since T' is Dynkin or affine, then ¢(3) > 0,
q(y) > 0. On the other hand (3,7) < 0. Since ¢ («) < 1, only one of three terms
q(5), q(v), — (B,7) can be positive, which is possible only if § or v is zero. O

A root « is positive if & = miaq + -+ - + mpuay,, m; > 0 for all i.
A quiver has finite type if there are finitely many isomorphism classes of indecom-
posable representations.
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Theorem 6.4. (Gabriel) A connected quiver () has finite type iff the corresponding
graph is Dynkin. For a Dynkin quiver there exists a bijection between positive roots
and isomorphism classes of indecomposable representations.

Proof. 1f Q is of finite type, then Rep (z) has finitely many orbits for each x € Z%,.
If @ is not Dynkin, then there exists x € Z%, such that ¢ (r) < 0. If Q has finite
type, then Rep () must have an open orbit Ox. By Corollary 5.2

(6.1) codim Ox = dim Endg (X) — ¢ (z) > 0.

Contradiction.

Now suppose that () is Dynkin. Every indecomposable representation X is a brick
with trivial self-extensions by Corollary 4.3. Hence ¢ () = 1, i.e. xisaroot. By (6.1)
Ox is the unique open orbit in Rep (). What remains is to show that for each root x
there exists an indecomposable representation of dimension z. Indeed, let X be such
that dim Ox in Rep (z) is maximal. We claim that X is indecomposable. Indeed,
let X = X1 ®---® X5 be a sum of indecomposable bricks. Then by Lemma 5.3
Ext' (X;, X;) = 0. Therefore q (z) = s = 1. Hence X is indecomposable. O



PROBLEM SET # 10
MATH 252

Due November 14.

1. Let @ be a connected quiver and k(@) be the path algebra of ). Show that
the center of k (Q) is isomorphic either to k, or to k [z], and that the latter happens
only in the case when () is an oriented cycle.

2. Classify indecomposable representations of the quiver:

o — 0 <— O,

3. Classify indecomposable representations of the quiver:

e — O <— 0

T

Date: November 4, 2005.
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1. REFLECTION FUNCTORS

Let @ be a quiver. We say a vertex i € Qg is +-admissible if all arrows containing ¢
have 7 as a target. If all arrows containing ¢ have 7 as a source, we call i—-admissible.
By 0 () we denote the quiver obtained from ) by inverting all arrows containing i.

Let i be a +-admissible vertex and Q' = o, (Q). Let us introduce the functor F;":
Repg — Repg. Let X be a representation of ). Define X’ = F;*X as follows. If
J # 1, then X} = X;. Put X] = Ker h, where

h = Z Py - @Xj — Xi>
Y=(j—1)€Q1
For each v = (i — j) € Q" define o/ : Xj — X; = X} as the natural projection on
the component X; € @ X;.

If i is a —-admissible vertex and @' = o;(Q) one can define the functor F,:
Repg — Repqr as follows. Let X' = F (X), where X; = Xj for i # j, and
X! = Coker h, where

h = Z Py - Xz — @Xj,
y=(i—j)€Q1
and for each v = (j — i) € Q' define p/: X; = X| — X, by restriction of the
projection ©.X; — Coker h to Xj.

Example. Let @ be the quiver 1 — 2, and X is the representation & — 0, then
Fy (X)=0and Fy (X)isk < k.

It is easy to check that F;' is left-exact (maps an injection to an injection) and Fj~
is right exact (maps a surjection to a surjection). Let L; denote the representation
of @ which has k in the vertex i and zero in all other vertices. Then F;" (L;) = 0 and
F~(L;) =0.

(2

Theorem 1.1. Let X be an indecomposable representation of () and i be a +-
admissible vertex. Then F;" (X) = 0 iff X & L;. Otherwise X' = F;" (X) is inde-
composable,
(1.1) dim X; = —dim X; + > dim X;

(3—1)
and F F7 (X))~ X.

Date: November 27, 2005.
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If i is —-admissible vertex and X is indecomposable, then F; (X) =0 iff X = L,.
Otherwise F;~ (X)) is indecomposable, the dimension of F; (X) can be calculated by
the same formula (1.1) and F;"F; (X) & X.

Proof. Note that if X 22 L;, then h must be surjective because of indecomposability of
X, hence the formula (1.1) holds. Furthermore, we have the following exact sequence
(1.2) 0-X; % P X 5X—0

1
(j—1)€Q1

and (FZ-_X’)Z. = Cokerh 2 X;. Observe also that h is injective by definition, hence
X'’ is indecomposable. Thus, we proved the first part of the theorem.

For the case of —-admissible vertex, define D: Rep () — Rep Q°P, where Q°P is
the quiver with all arrows of @ reversed, D (X;) = X7, D (p,) = p, and note that
Do Ff = F7 o D. Since D reverses all maps and change Ker to Coker, the second

statement of the theorem follows immediately. 0J

Note that for an arbitrary X the sequence (1.2) is not exact but I is injective and
hoh = 0. Therefore one can define a natural injection ¢ : F, F;*X — X, where
¢; = id for all j # ¢ and ¢; coincides with h restricted to Coker h. In the similar way
one can define the natural surjection v : X — F;'F X if i is a —-admissible vertex.

Finally let Q" = 0, (Q), X be a representation of )’ and Y be a representation of
Q,X'=F Xand Y = FY. Let n € Homg (X,Y’), define x € Homg (X',Y) by
putting x; = Id for j # ¢ and obtaining y; from following commutative diagram

X, bHoex; L ox > o0

lm léBm lxlz
S AN oY; oy

(3

Note x; is uniquely determined by 7. In the same way for each x € Homg (X', Y)
one can define 7 € Homeg (X, Y”). A routine check now proves the following

Lemma 1.2. Let Q' = 0, (Q), X be a representation of ()’ and Y be a representation
of (), then

Homg (F;X,Y) = Homg (X, F;'Y).

2. REFLECTION FUNCTORS AND CHANGE OF ORIENTATION.

Lemma 2.1. Let I' be a connected graph without cycles, (Q and ()’ be two quivers
on the same graph. Then there exists an enumeration of vertices such that Q) =
opo---001(Q) and i is a +-admissible vertex for o;_1 o --- 001 (Q).
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Proof. Tt is sufficient to prove the statement for two quivers ( and @’ different at
one arrow. So let v € . After removing ~y, ) splits in two connected components;
let " be the component which contains ¢ (7). Enumerate vertices of @” in such a
way that if i — 7 € @7, then ¢ > j. This is possible since Q)" does not have cycles.
Check that Q' = o, 0--- 001 (Q) (here k is the number of all vertices in Q") and i is
a +-admissible vertex for g;_1 0--- 00y (Q). O

Theorem 2.2. Let i be a +-admissible vertex for Q and Q' = 0;(Q). Then F.;"
and F establish a bijection between indecomposable representations of () (non-
isomorphic to L;) and indecomposable representations of Q' (non-isomorphic to L;.)!

Theorem 2.2 follows from 1.1. Together with Lemma 2.1 it allows to change an
orientation on a quiver if the quiver does not have cycles.

3. WEYL GROUP AND REFLECTION FUNCTORS.

Given any graph I', one can associate with it a certain linear group, which is called
a Weyl group of I'. We denote by aq, . . ., o, vectors in the standard basis of Z' = 7",
a; corresponds to the vertex ¢. These vectors are called simple roots. For each simple
root «; put

ri(z) =2— Mai.
(v, i)
One can check that r; preserves the scalar product and r? = id. The linear transfor-
mation r; is called a simple reflection. If I' has no loops, r; also preserves the lattice
generated by simple roots. Hence r; maps roots to roots. If I' is Dynkin, the scalar
product is positive-definite, and r; is a reflection in the hyperplane orthogonal to «;.
The Weyl group W is a group generated by ry,...,r,. For a Dynkin diagram W is
finite (since the number of roots is finite).

Example. Let I' = A,. Let €1,...,5,41 be an orthonormal basis in R™™!. Then
one can take the roots of I' to be €, —¢;, simple roots to be e1 —€9,e2—¢3, ..., €n—€n+1,
ri(ej) = 01if j # 4,0+ 1, and 7 (5;) = €i41. Therefore W is isomorphic to the
permutation group Sy41.

One can check by direct calculation, that (1.1) implies

Lemma 3.1. If X is an indecomposable representation of () and dim X = x # «,
then dim FXX = r; ().

An element ¢ = ry...7r, € W is called a Coxeter transformation. It depends on
the enumeration of simple roots.
Example. In the case I' = A,, a Coxeter element is always a cycle of length n+ 1.

Lemma 3.2. If¢(x) = z, then (z, ;) = 0 for all i. In particular for a Dynkin graph
¢(x) =z implies x = 0.

We will denote by the same letter L; the representations of quivers with different orientation.
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Proof. By definition,
2 (Oéi, r+aar+ ... ai_lai_l)
(v, ;)

The condition ¢ (z) = x implies all a; = 0. Hence (z, a;) = 0 for all i. O

clx)=z+araq + -+ apoy,, a; = —

4. COXETER FUNCTOR.

Let @ be a graph without oriented cycles. We call an enumeration of vertices
admissible if ¢ > j for any arrow ¢ — j. Such an enumeration always exists. One can
easily see that every vertex i is a +-admissible for o;,_j0---00y (@) and —-admissible
for 0;41 0+ 00, (Q). Furthermore,

Q=o0,00,10-001(Q)=01000,(Q).
Define Coxeter functors
Pt =Fto--oFy oF, & =F oF, 0---0F,.

Lemma 4.1. (1) Homg (P~ X,Y) = Homg (X, ®TY);
(2) If X is indecomposable and ®*X # 0, then &~ dT X = X;
(3) If X is indecomposable of dimension x and ®*X # 0, then dim ®*X = ¢ (x);
(4) If @ is Dynkin, then for any indecomposable X there exists k such that

(@) X = 0.

Proof. (1) follows from Lemma 1.2, (2) follows from Theorem 1.1, (3) follows from
Lemma 3.1. Let us prove (4). Since W is finite, ¢ has finite order h. It is sufficient
to show that for any z there exists k such that ¢* (z) is not positive. Assume that
this is not true. Then y = x +c(x)+---+ "1 () > 0 is ¢ invariant. Contradiction
with Lemma 3.2.

O
Lemma 4.2. ®* does not depend on a choice of admissible enumeration.
Proof. Note that if i and j are disjoint and both + (—)-admissible, then F;" o F;’ =
Ff o Ff (F o Fr=F;o F7). If a sequence iy,...,i, gives another admissible
enumeration of vertices, and i = 1, then 1 is disjoint with i, ..., 4x_1, hence

F1+OF'+ o---0 FT =F7T o---oF-"'oFl"'.
h—1 11 T—1 1

Now proceed by induction. Similarly for &~. O

In what follows we always assume that an enumeration of vertices is admissible.

Corollary 4.3. Let () be a Dynkin quiver, X be an indecomposable representation of
dimension x, and k be the minimal number such that ¢*™ (z) is not positive. There
exists a unique vertex i such that

l’:C_k’f’l...’f’i_l (Oéi),)(g (é_)kOFl_O---OF-__l(LZ’).

(3
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In particular, x is a positive root and for each positive root x, there is a unique (up
to an isomorphism) indecomposable representation of dimension .

Proof. Follows from Theorem 1.1 and Lemma 3.1.

5. FURTHER PROPERTIES OF COXETER FUNCTORS

Here we assume again that @) is a quiver without oriented cycles and the enumera-
tion of vertices is admissible. We discuss the properties of the bilinear form (, ). Since
we plan to change an orientation of () we use a subindex (, >Q, where it is needed to
avoid ambiguity.

Lemma 5.1. Let i be a +-admissible vertex, Q' = 0; (Q), and (, ), ;) the corre-
sponding bilinear forms. Then

(ri () >y>Q’ = (7 (y)>Q .

Proof. 1t suffices to check the formula for a subquiver containing ¢ and all its neigh-
bors. Let ' = r; () and ¥’ = r; (y). Then

T = —ZEH-ZI;', y; = —yi+zyj>

i#£j i#j
@) g =y — 2>y + Y wyy =~y + Y s,
i#] i#] i#]
@,y = xa — v} Y wp = =2+ > ;.
i#j i#j

Corollary 5.2. For a Coxeter element ¢ we have
(@), y) = (z.c(y)).
If o (V) # 0,9 (X) #0, then
dim Ext' (X, ®* (V)) = dimExt' (¢~ (X),Y) .

Proof. First statement follows directly from Lemma 5.1. The second statement fol-
lows from the first statement, Lemma 1.2 and the identity

(z,9)o = dimHomg (X,Y) — dim Ext! (X,Y).
U

Let A = k(Q) be the path algebra. Recall that any indecomposable projective
module is isomorphic to Ae;.

Lemma 5.3. F;"o---0 F/" (Ae;) =0, F;" o0 F} (Ae;) & L;.
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Proof. One can check by direct calculation that for each component e;Ae;, e;Ae; = 0
for j > 7, and

Ffo---oF (ejAe;) = ejAe; for k < j, Fjf o---0 F (e;Ae;) = 0.
UJ

Corollary 5.4. ®* (P) = 0 for any projective module P. For any indecomposable
projective Ae; we have

(5.1) Ae; =F  o---o0F_, (L;).

Proof. The first statement follows from Lemma 5.3 immediately. For the second use

Theorem 1.1 and Lemma 5.3.
O

An injective module is a module I such that for any injective homomorphism
1 : X — Y and any homomorphism ¢ : X — [, there exists a homomorphism
Y Y — I such that ¢ = 1 oi. A module I is injective iff Ext* (X,I) = 0 for any
X. One can see analogy with projective modules, however in general there is no nice
description of injective (like a summand of a free module).

Exercise. Check that Q is an injective Z-module.

In case when A is a finite-dimensional algebra, injective modules are easy to de-
scribe. Indeed, the functor D : A — mod — mod — A such that D (X) = X*
maps left projective modules to right injective and vice versa. Therefore any inde-
composable injective module is isomorphic to (e;A4)". Since D o ®* = &~ o D, one
can see easily that &~ (I) = 0 for any injective module I. Moreover, one can prove
similarly to the projective case that

(6jA)* =~ Frj— 0---0 F;:_l (L;) .
Let P(j) = Aej and I (j) = (e;A)" and p(j) = dim P (j), i (j) = dim [ (j). Then

(5.2) cp@)=rn-.r(p() =101 (—ay) = =i (j).
Note that Ext' (Ae;, X) = 0 for any X and dim Homg (Ae;, X) = x;. Hence
(5.3) (p(),z) = ;.

On the other hand, Ext' (X, (¢;A)") = 0 and
Homg (X, (e;A)") = Homg (e;A4, X*),
which implies dim Homg (X, (e;A)*) = x;. Thus, we obtain
(5.4) (z,i(j)) = ;.
Combine together (5.2), (5.3), (5.4) and get
(7)) + {x,c(p(4))) = 0.
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Since p(1),...,p(n) form a basis, the last equation implies that for arbitrary x and
)
(5.5) {y,z) + (z,c(y)) = 0.

6. AFFINE ROOT SYSTEM

Let I' be an affine Dynkin graph. Then the kernel of bilinear symmetric form in
7™ is one-dimensional and generated by

0 = apgag + a101 + -+ - + anon,.

We assume without loss of generality that the vertex ag is such that ap = 1. By
removing 0 from I'" we get a Dynkin graph which we denote by I'°. In affine case
roots can be of two kinds: real, if ¢ (o) = 1, or imaginary, q (a) = 0.

Lemma 6.1. Imaginary roots are all proportional to 9, real roots can be written as
a +md for some root § of I'°. Every real root can be obtained from a simple root by
the action of the Weyl group W'.

Proof. The first statement is obvious, the second follows from the fact that ¢ (o) =
q (o +md), hence the projection on the hyperplane generated by «aq, ..., maps a
root to a root. To prove the last statement, note that r; maps every positive root
different from «; to a positive root. Let a be a positive real root, a = agap+- - -+a,au,,
and h(a) = ap + a1 + -+ + a,. Then (a, ;) > 0 at least for one i. But then
h(r; (a)) < h(a). Thus, one can decrease h () by application of simple reflection.
In the end one can get a root of height 1, which is a simple root. Similarly for negative
roots. 0

7. KRONECKER QUIVER

In this section we use Coxeter functors to classify indecomposable representation of
the quiver A; = e = o. The admissible enumeration of verticesis 1 = 0, d = ap+ ;.
Positive real roots are

mag+ (m+1)ay=—a;+(m+1)d, (m+1)ag +mag = a3 +md, m > 0.
The Coxeter element ¢ = ryrq satisfies
clag) =a; +29, c(d) =0.

Let = may+16. If m > 0 then ¢* () is not positive for sufficiently large s. Hence if
X is indecomposable of dimension z, then (#7)° X = 0. If m < 0, then (®7)* X = 0.
Thus if m # 0, then as in the case of Dynkin quiver, X can be obtained from some
L; by application of reflection functor. In particular, we obtain that the dimension
of an indecomposable representation is always a root and if this root is real, then
the indecomposable with this dimension is unique up to an isomorphism. Indeed, we
have either
Em :>§ km—i—l’
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where A = (1,,,0), B = (0,1,,), or
et =6 gm
where C' = A', D = B,

Classification of indecomposables of dimension mJ is equivalent to classification of
pairs of linear operators (A, B) : k™ — k™ up to equivalence (A, B) ~ (PAQ™', PBQ™).
Assume that A is invertible, then one may assume that A = Id, and then classify B up
to conjugation. Indecomposability of the representation implies that B is equivalent
to the Jordan block with some eigenvalue p. Denote the corresponding representa-
tion by p,. If B is invertible, then A is equivalent to a Jordan block. Denote such
representation by o,. One can see that p, is isomorphic to o,-1 if ;1 # 0. Now let us
prove that at least one of A and B is invertible. Indeed, indecomposability implies
that Ker AN Ker B =0. Hence A + tB is invertible for some ¢. Without loss of gen-
erality one can assume that A +tB = id. But then either A or B must be invertible.
Thus, we proved that indecomposable representation of dimension (m,m) = § are
parameterized by a projective line.

For other affine quivers, the situation is more complicated, as there are real roots
vxhich remain positive under Coxeter transformation. For example consider the quiver
D,

Then ¢ (a1 4+ a2 + as) = ay + oy + a5, ¢ (a1 + a2 + ag) = 0.



PROBLEM SET # 11
MATH 252

Due November 21.
1. Let Rep (a, b, ¢) be the space of all representations of the quiver

o — 06— 0

with dimension vector (a, b, ¢). List all orbits in Rep (a, b, ¢). Show that there is only
one open orbit. Describe the open orbit Ox in terms of decomposition of X into
direct sum of indecomposable representations.

2. Classify indecomposable representations of the quiver A, with orientation:

e — 0 — - - — e

You can use Gabriel’s theorem.

Date: November 14, 2005.



REPRESENTATION THEORY.
WEEK 13.

1. PREPROJECTIVE AND PREINJECTIVE REPRESENTATIONS.

The goal of these notes is to obtain a classification of indecomposable representa-
tions of affine quivers. It is rather technical and long.

A representation X is called preprojective if (#7)° X = 0 for some s, preinjective
if (®7)°(X) = 0 for some s and regular if it is not preprojective or preinjective.

Example 1.1. For Kronecker quiver all preinjective indecomposable representations
have dimension a; +md, all preprojective representations have dimension —ay +md,
and regular indecomposable representations have dimension md.

Lemma 1.2. If X is preprojective, then X = (®7)° P for some projective P. If X
is preinjective, then X = (®*)" I for some injective I.

Proof. Suppose (#1)° X # 0, and (1) X = 0. Then
Ff L FP (@Y’ X =L, X = (o) F ... FZ, (L)
as in Corollary 4.3 (week 12). Therefore by Corollary 5.4 (week12)
X = (7)) (Aey).
For preinjective similarly. O

Corollary 1.3. If X is an indecomposable preprojective or preinjective, then dim X
is a real root. If X and Y are preprojective indecomposable representations of the
same dimension, then X =Y. An indecomposable preprojective representation is a
brick with trivial self-extensions.

We see from above corollary that preprojective and preinjective indecomposables
can be described precisely in terms of reflection functors in the same way as it was
done for Dynkin quivers. The next lemma allows “to separate” preinjective, prein-
jective and regular indecomposable representations.

Lemma 1.4. If X, Y are indecomposable and X is preprojective, Y is not, then
Homg (Y, X) = Ext' (X,Y) = 0. If X is preinjective, Y is not, then Homg (X,Y) =
Ext' (Y, X) = 0.

Date: December 4, 2005.
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Proof. Let X be preprojective. Then X = (®~)° P for some projective P. Then
Ext' ((#7)°PY) =Ext' (P, (®")°Y) =0
by Corollary 5.2 (week12). On the other hand,
(®+)s+1X 0.y = (é_)s—l—l (®+)s+1 v
and
Homg (X, (®7)™" ()™ = Homg (%)™ X, (&) v) =0,

For preinjective use duality. O

Let now @) be affine and define defect X by

def (X) = (§,z) = — (z,0) .

We write x <y if y — z € Z%,

Lemma 1.5. If v < § and X is indecomposable of dimension x, then X is a brick,
x is a root and Ext! (X, X) = 0.

Proof. If X is not a brick, then there is a brick Y € X such that Ext' (Y,Y) # 0
(proven week 11). But then ¢ (y) < 0, which is impossible as y < §. Hence X is a
brick. Since ¢ (z) > 0, we have Ext' (X, X) =0 and ¢ (z) = 1. O
Lemma 1.6. There is an indecomposable representation of dimension 9.

Proof. Pick an orbit Oz in Rep (§) of maximal dimension. Then Z is indecompos-
able, because otherwise Z = X; @ --- @ X,,, where X, are as in previous lemma,
Ext' (X;, X;) = 0 and then ¢ (2) = p. O
Lemma 1.7. If X is regular, then there is s such that ¢* (z) = x.
Proof. One can find s such that ¢®(x) = z + 1. But if [ # 0, then ¢% (z) < 0 for
some d € Z. This contradicts regularity of X. O
Theorem 1.8. Let X be indecomposable.

(1) If X is preprojective, then def (X) < 0;

(2) If X is regular, then def (X) = 0;

(3) If X is preinjective, then def (X) > 0.
Proof. Let X be preprojective, Z as in Lemma 1.6. Then Ext'(X,Z) = 0 by
Lemma 1.4. On the other hand, X = (®~)° Ae;. Hence

Homg (X, Z) = Homg ((®7)° Ae;, Z) = Homg (Ae;, ()" Z) #0,

and (x,d) > 0. For preinjective X use duality.

Finally, let X be regular. Assume def (X) # 0, say def (X) > 0. Since z is regular
¢ (x) = x for some s. Then y = x + c(x) + -+ + ¢~ (x) is c-invariant, therefore
r+c(x)+-+cH(x) =md by Lemma 3.2 (week 12). But (4, ¢ (z)) = (5,2) > 0
for all 7 < s, hence (6, md) > 0. But (9,9) = ¢ (6) = 0. Contradiction. O
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2. REGULAR REPRESENTATIONS

In this section we describe indecomposable regular representations.
We say that a representation is regular if it is a direct sum of indecomposable
regular representations.

Theorem 2.1. If X, Y are regular and ¢ € Homg (X, Y') then Im ¢, Ker ¢, Coker ¢
are regular. If
0-X—-272—-Y—0

is an exact sequence then Z is regular.

Proof. By Lemma 1.4 Im ¢ does not have preinjective summand and preprojective
summand. By the same reason Ker ¢ does not have preinjective summand and def
(Kerp) = def (X)-def (Imy) = 0. Hence Kerp is regular. Similarly, Coker ¢ is
regular.

Finally, suppose Z has a preprojective direct summand Z;. This is impossible by
the long exact sequence

Homg (X, Z;) = 0 — Homg (Z, Z;) — Homg (Y, Z;) = 0.
Similarly, Z could not have preinjective direct summand. 0J

A regular representation X is called regular simple if X has no proper non-trivial
regular subrepresentations. By Theorem 2.1 a regular simple representation is a brick,
hence ¢ (z) <1 and z is a root.

Example 2.2. For Kronecker quiver a representation k =4 k is simple for any
(A, 1) # (0,0). One can see easily from classification of indecomposables that those
are all regular simple representations.

Example 2.3. For the quiver D, an indecomposable representation

k

1
ES k2 Sk

T

k

is regular simple iff Im 7; # Im 7; for all ¢ # j.

Let 0 = apag + - - - + an,. Without loss of generality we may assume that ag = 1.
Let P = Aey, p =dim P and R be the indecomposable preprojective representation
of dimension r = p + §. There are the following identities

{p,0) = (r,0) =1, {p,r) =2, (r,p) = 0.
Since Ext' (P, R) = 0, Homg (P, R) = k.

Lemma 2.4. Let 0 € Homg (P, R). If0 # 0, then 0 is injective. Letn € Homg (R, P).
If n # 0 then n is surjective.
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Proof. Both Kerf and Im# are preprojective, because P and R are preprojective.
Since —1 = def (P) = def (Ker#) + def (Im#), either Kerf or Im#é is zero. The
second statement is similar. [

Corollary 2.5. Homg (R, P) = Ext' (R, P) = 0.

Proof. Let n € Homg (R, P) be surjective, then = 0 since P is projective and must
split as a direct summand of R, but R is indecomposable. Hence Homg (R, P) = 0.
Since (r,p) = 0, Ext' (R, P) = 0. O

Corollary 2.6. Let § € Homg (P, R), 0 # 0. Then Zy = Coker ¢ is indecomposable
regular.

Proof. Use the sequence
0—-P—R—Zy— Q.

The long exact sequence
0 = Homg (R, P) — Homg (R, R) — Homg (R, Zp) — Ext! (R, P) =0
implies Homg (R, Zy) = Endg (R) = k. The long exact sequence
0 — Homg (Zp, Zy) — Homg (R, Zp) =k — ...

implies Homg (Zy, Zp) = k. Hence Zy is indecomposable. Since def (Zy) = 0, Zy is
regular. O

Lemma 2.7. Let X be regular indecomposable and xy # 0, where ro = dim Xj.
Then there exists € Homg (P, R) such that Homg (Zg, X) # 0.

Proof. First note that
dim Homg (P, X) = 2o = dim (Q, X)

since <p> $> = <q>$> = To-
Any 6 € Homg (P, R) defines the linear map
6*: Homg (R, X) — Homg (P, X).
Since dim Homg (P, R) = 2, one can find # € Homg (P, R) such that 6* is not in-

vertible. Then there is ¢ € Homg (R, X) such that 6* (¢) = ¢ 0 = 0. Then
v (0(P)) =0, and ¢ is well defined homomorphism Zy — X. O

Corollary 2.8. Let X be regular simple, then x < 4.

Proof. We already know that x is a root. If xg # 0, then Homg (Zp, X') # 0 for some
0 and therefore X is a quotient of Zy, hence x < 4. If o = 0, then z < §. OJ

Example 2.9. In case of 134 the regular simples have dimensions oy + as + agz,
a1+ g + ay, ag + ag + as, az + as + ay, az + as + as, ag + as + ai or 6. There is
exactly one simple for each real root and one-parameter family for 9.

Our next step is to describe extensions between regular simple representations.
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Lemma 2.10. Let X and Y be two regular simples, then Homg (X,Y) =k iff X =Y
and Ext' (X,Y) =k iff Y 2 ®* X. Otherwise Ext! (X,Y) = Homg (X,Y) = 0.

Proof. The statement about Hom is trivial since any nonzero ¢ € Homg (X, Y) is an

isomorphism . To prove the statement about Ext!, use (5.5) from lecture notes week
12. First, assume that Y % &+ X, X, then

(z,y) = dim Homg (X,Y) — dimExt' (X,Y) <0,
(y,c(z)) = dimHomg (Y, ®*X) — dimExt' (Y, ®*X) < 0.
Since (x,y) + (y,c(z)) =0, Ext’ (X,Y) = 0.
Now assume that X 2 Y. If x is a real root, then Ext' (X, X) = 0, and (z,2) = 1.
Then (z,c(z)) = —1, which implies Ext' (X, ®*X) = k. If z = §, then
Homg (X, X) = Ext' (X, X) = k.
UJ

Corollary 2.11. If X is regular simple and = < §, then (®%)* X = X for some s. If
x =0, then PTX =~ X

The minimal number s such that (®7)” X = X is called the period of X. Regular
simples can be divided in orbits under action of ®*.

In the category of regular representations one can define Jordan-Hélder series and
regular length, and regular series is again unique up to permutation.

The following theorem gives a complete description of indecomposable regular rep-
resentations.

Theorem 2.12. Let X be regular indecomposable then there is a unique filtration
(2.1) otcXicXpCc---CcX, =X
such that Y; &2 X; /X, is regular simple and
Y1 2T (Y;), BExt!' (Y, X,_1) = Ext' (V,,Y,_1) & k.
Moreover, Ext' (Z, X,_,) = 0 for any regular simple Z not isomorphic to Y.

Proof. We prove Theorem by induction on the regular length of X. Check yourself
case r = 2. If X has length r then it has a filtration (2.1), although it might be not
unique. Assume first that X, _; is indecomposable. Then it satisfies all the statements
of Theorem by induction assumption. Consider the exact sequence

0—-X,20—-X,1—Y,1—0
and induced long exact sequence
Homg (Y;, X,—1) % Homg (Y;, Y1) 2 Ext' (Y, X,_2) = Bxt' (Y;, X,_1) % Ext' (Y,,Y,_1) — 0.

We claim that d is an isomorphism. If Ext' (Y,, X,_5) = 0, then it is trivial. Assume
that Ext' (Y;, X,_2) # 0. By induction assumption ¥, = ®*+Y, , =Y, ;. Thena =0
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by uniqueness of filtration for X,_;, b must be an isomorphism, ¢ forced to be zero,
and therefore d is an isomorphism.

Now we prove that X, ; is indecomposable. Assume the opposite. Then X, | =
Z1@---@® Zs where each Z; is indecomposable and satisfies the statement of Theorem.
Assume that Z; has maximal length among Z;. Then there is a surjective homomor-
phism p;: Z; — Z; for each 7, and this homomorphism induces the isomorphism

piv: Extt (Y, Z)) — BExt' (Y,, Z;) & k.
Consider the exact sequence

(2.2) 0—>@ZZ-—>X—>YT—> 0.

It is induced by some ¢ € Ext' (Y,, @ Z;). But 1) = 1 + - - - + g, ¥; € Ext! (Y,., Z;).
Hence each 1; = ¢;pix (11). Let
7' = {(2’1,. .. ,Zs) € @ZZ | Zi = CiD; (2’1)} ,
then one can find X’ C X such that
0—-272' —-X =Y, — 0,

is a subsequence of (2.2). Then X’ splits as a summand in X. Contradiction.
Check now that X has a unique regular maximal submodule X,_; (that implies
the uniqueness of filtration). Consider the exact sequence

0—>XT_1—>XLYT—> 0.

Let X’ be another maximal submodule, then f (X’) =Y, and we have an an exact
sequence

0—- X, 1 NX =X =Y, — 0.

However, the regular length of X’ is r — 1, hence X,_; N X’ = X,_5. Therefore
X/X,—2=2Y,®Y,_ 1. But the sequence

0—>Yr—1—>X/Xr—2—>Yr—>0

does not split since it is induced by a non-zero element in Ext' (Y;,, X,_;) = Ext' (Y, Y,_1).
Contradiction. O

Corollary 2.13. Let Y1,...,Y, be a sequnce of simple regular representations such
that Y;_; = ®*Y,. Then there exists a unique up to an isomorphism regular inde-
composable X with filtration 0 C X; C Xy C --- C X,, = X such that X;/X; 1 =Y.

Proof. Construct X inductively using the isomorphism

Ext! (Yiy1, X¢) 2 Ext! (Yi,Y:) & k.
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As follows from Theorem 2.12 simple regular subquotients of an indecomposable
regular representation belong to one orbit of ®*. Thus, each orbit of ®* in the set
of simple regular representations defines a family of indecomposables called a tube.

Lemma 2.14. Let X be regular indecomposable, then dim X is a root.

Proof. Lemma follows from Theorem 2.12 and the following fact. Let a, 3 be real
roots. Then (o, ) = —1 implies o+ [ is a real root, (o, ) = —2 implies a + 3 is an
imaginary root. U

Lemma 2.15. Every tube contains exactly one indecomposable representation iso-
morphic to Zy.

Proof. Let X be simple regular of period s, i.e. (®7)° X = X. If z = dim X, then
(2.3) r4c(@)+- 4+ (x) =mé.

Choose y = ¢ (z) such that yo # 0. Let Y = (®%)'X. By Lemma 2.7 there
exist § € Homg (P, R) and a non-zero homomorphism ¢ : Zy — Y. Then the
indecomposable Zy has the filtration

0CZ1CZyC---CZLs=1y

such that Z;/Z,_1 2 Y. Then Zp is in a tube. Moreover, one can see now that m = 1
in (2.3) and therefore Zy is unique. O

3. INDECOMPOSABLE REPRESENTATIONS OF AFFINE QUIVERS
In the next theorem we summarize our results about affine quivers.

Theorem 3.1. Let () be an affine quiver, then dimension of every indecomposable
representation of ) is a root. If « is a real root, then there exists exactly one (up
to an isomorphism) indecomposable representation of dimension «. If o« = md, then
there are infinitely many indecomposable representations of dimension «.

Proof. Let a be the dimension of an indecomposable representation X. If («,d) # 0,
then X is preprojective or preinjective, and « is a real root by Corollary 1.3. If
(a,d) = 0, then X is regular and « is a root by Lemma 2.14. The uniqueness of
X follows from Theorem 2.12. We also have to prove that for each « there is an
indecomposable of dimension . If {(«,d) > 0, choose the minimal i and s such that
;... (@) < 0, then put X = (®7) o F o---0 F;_; (L;). The case (,d) < 0 is
similar. Let («,d) = 0. Assume first that o < 0. Construct X as an orbit of maximal
dimension in Rep (). If &« = B+ md, for some § < 9, construct an indecomposable
Y of dimension 3, and extend it using the description of a tube. O

Example 3.2. Consider the quiver A,. The indecomposable representations of real
dimension and regular indecomposables of imaginary dimension with period greater
than 1 are enumerated by counterclockwise walks around the quiver ( ignoring the
orientation). A basis {v;} in representation X is enumerated by vertices which appear
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in a walk. For each v put p, (v;) = v,y if the orientation of v is counterclockwise
and p, (vi41) = v; if the orientation of 7 is clockwise. The last vector in the walk
goes to 0 if v is counterclockwise oriented.

If X has imaginary dimension and X is in a tube of period 1, then X can be
described by the following construction. Put X; = E™ for all i, p, = Id for all v
except one arrow o (it does not matter which one you choose). Let p, be a Jordan
block with non-zero eigenvalue.

Let @Q and Q' two different quivers in the graph A,. It is not always possible to
obtain @)’ from () using reflection functors. If Q and @’ have the same number of
clockwise (hence counterclockwise) arrows, one can obtain @' from ) by a chain of
reflections.

Check yourself that if () has p counterclockwise arrows, then () has one tube of
period p — 1 and one tube of period n — p — 1.
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1. APPLICATIONS OF QUIVERS

Two rings A and B are Morita equivalent if the categories of A— modules and
B-modules are equivalent. A projective finitely generated A-module P is a projective
generator if any other projective finitely generated A-module is isomorphic to a direct
summand of P®" for some n.

Theorem 1.1. A and B are Morita equivalent iff there exists a projective generator
P in A— mod such that B = End (P). The functor X +— Homy (P, X) establishes
the equivalence between A — mod and B — mod .

For the proof see, for example, Bass “Algebraic K-theory”.

Assume now that C'is a finite-dimensional algebra over algebraically closed field k.
Let Py,..., P, be a set of representatives of isomorphism classes of indecomposable
projective C-modules. Then P = P, ® --- @ P, is a projective generator, and A =
End¢ (P) is Morita equivalent to C.

Example 1.2. Let C' be semisimple, then C' = Mat,,, (k) x --- x Mat,,, (k), and
AZE™ Let

C={(7) € Mat,, (k) | X € Mat, (k),Y € Mat,, (k),Z € Mat, (k)} .

Then
A={() | 2.y, €k},

Let R be the radical of C'. Then each indecomposable projective P; has the filtration
P, D> RP, D R?P, D --- D 0such that R/ P,/ R’ P, is semisimple for all j. Recall that
P;/RP, is simple (lecture notes 9), hence Home (B, P;/RP;) = 0 if i # j. Define the
quiver () in the following way. Vertices are enumerated by indecomposable projective
modules P, ..., B,, the number of arrows i — j equals dim Home (P, RP;/R%P;).
We construct a surjective homomorphism ¢: k(Q) — A. (This construction is not
canonical). Fist set ¢ (e;) = Idp. Let vq,...,7s be the set of arrows from 7 to
J, choose a basis n1,...,ns € Home (P, RP;/R?P;), each n can be lifted to & €
Home (P, RP;) as P is projective. Define ¢ () = &. Now ¢ extends in the unique
way to the whole & (Q) since k (Q) is generated by idempotents e; and arrows.

Since ¢ is surjective, then A = k (Q) /I for some two-sided ideal I C k(Q). The
pair @ and an ideal I in k (Q) is called a quiver with relations. The problem of clas-
sification of indecomposable C-modules is equivalent to the problem of classification

Date: December 6, 2005.
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of indecomposable representations of () satisfying relations I. In some cases such
quiver approach is very useful.

Example 1.3. Let k be the algebraic closure of F3 and C' = k[Ss]. In lecture
notes 9 we showed that C' has two indecomposable projectives Py = Indgz triv and
P = Indgz sgn. The quiver @) is
o = go

with relations aBa = 0, S8 = 0. The quiver itself is A, indecomposable representa-
tions have dimensions (m,m), (m + 1,m) and (m,m + 1). Since we have the precise
description, it is not difficult to see that only six indecomposable representations
satisfy the relations. They are

k< 0,0 <= ki k <= k,a=1,=00ra=0,0=1,
= ka=(10),6=1);k <= F,a=(}),s=(10).
The first two representations correspond to irreducible representations triv and sgn,

the last two are projectives. Two representations of dimension (1,1) correspond to
the quotients of P, and P_ by the minimal submodules.

In fact one can apply the quiver approach to any category C which satisfies the
following conditions

(1) All objects have finite length;
(2) Any object has a projective resolution;

(3) For any two objects X, Y, Hom (X, Y) is a vector space over an algebraically
closed field k.

We do not need the assumption that the number of simple or projective objects is
finite. We illustrate this in the following example.

Example 1.4. Let A be the Grassmann algebra with two generators, i.e. A =k <
x,y > /(2% y? 2y + yx). Consider the Z-grading A = Ag ® Ay ® Ao, where Ay = k,
A1 is the span of z and y, Ay = kxy. Let C denote the category of graded A-modules.
In other words, objects are A-modules M = @,_, M;, such that A;M; C M;,; and
morphisms preserve the grading. All projective modules are free. An indecomposable
projective module P; is isomorphic to A with shifted grading deg (1) = i. Thus, the
quiver () has infinitely many vertices enumerated by Z:

g e S el e Sh
Here a1, Biv1 € Hom (Piyq, P), a;y1 (1) = x, Bix1 (1) = y. Relations are a1 =
Bifix1 =0, aifit1 + Biciyr = 0.

Let us classify the indecomposable representations of above quiver. Assume first
that, that there exists v € X;,; such that ;03,11 # 0, Then the subrepresentation
V spanned by v, a;11v, Biv1v, «;0;1v splits as a direct summand in X. If X is
indecomposable, then X = V. The corresponding object in C is P,y;.
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Now assume that «;3;11X;.1 = 0 for any ¢ € Z. That is equivalent to putting the
new relations for Q): every path of length 2 is zero. Consider the subspaces

Wi =Imoip +Im B C X, Zigr = Ker a1 NKer 841 C Xiga.

One can find U; C X; and Y; 1 C X;41 such that X; =U; @ W, X;01 = Z;11 D Yiia.
Check that W; @ Y;,, is a subrepresentation, which splits as a direct summand in
X. If X is indecomposable and W; # 0, then X = W; ® Y;,;. Thus, we reduced
our problem to Kronecker quiver e < e! There is the obvious bijection between
indecomposable non-projective objects from C and the pairs (Y,i), where Y is an
indecomposable representation of Kronecker quiver, i € Z (defines the grading).

Remark 1.5. The last example is related to the algebraic geometry as the derived
category of C is equivalent to the derived category of coherent sheaves on P!,

Remark 1.6. If in the last example we increase the number of generators in A, then
the problem becomes wild (definition below).

Let C be a finite-dimensional algebra. We say that C'is finitely represented if C' has
finitely many indecomposable representations. We call C' tame if for each d C Z,
there exist a finite set My, ..., M, of C' — kx| bimodules (free of rank d over k [z])
such that every indecomposable representation of C' of dimension d is isomorphic to
M; ®ppa) k(2] /) (x — A) for some i < r, A € k. Finally, C is wild if there exists a
C — k < z,y > bimodule M such that the functor X — M ®ps,> X preserves
indecomposability and is faithful. We formulate here without proof the following
results.

Theorem 1.7. Every finite-dimensional algebra over algebraically closed field k is
either finitely represented or tame or wild

Theorem 1.8. Let (Q be a connected quiver without oriented cycles. Then k (Q) is
finitely represented iff () is Dynkin, k (Q)) is tame iff () is affine.

Theorem 1.9. Let Alg, be the algebraic variety of all n-dimensional algebras over
k. Then the set of finitely represented algebras is Zariski open in Alg,.

2. FROBENIUS ALGEBRAS

Let A be a finite-dimensional algebra over k. Recall that we denote by D the
functor mod — A — A — mod , such that D (X) = X*. Recall also that D maps
projective modules to injective and vice versa.

A finite-dimensional A algebra over k is called a Frobenius algebra if D (A,) is
isomorphic to A, where A4 is the right A-module over itself.

Theorem 2.1. The following conditions on A are equivalent

(1) A is a Frobenius algebra;
(2) There exists a non-degenerate bilinear form (-,-) on A such that (ab,c) =
(a,be);
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(3) There exists A € A* such that Ker A does not contain non-trivial left or right
ideals.

Proof. A form (-, -) gives an isomorphism p: A — A* by the formula z — (-, z). The
condition (ab,c) = (a,bc) is equivalent to p being a homomorphism of modules. A
linear functional A can be constructed by A (z) = (1, z). Conversely, given \, one can
define (x,y) = A(zy). The condition Ker A does not contains non-trivial one-sided
ideals is equivalent to the condition that the left and right kernels of (-, -) are zero. O

Lemma 2.2. Let A be a Frobenius algebra. An A-module X is projective iff it is
injective.

Proof. A projective module X is a direct summand of a free module, but a free
module is injective as D (A,4) is isomorphic to A. Hence, X is injective. By duality
an injective module is projective. O

Example 2.3. A group algebra k (G) is Frobenius. Take

A <Z agg> = ay.

geG

The corresponding bilinear form is symmetric.

A Grassmann algebra A = k < z1,...,z, > /(2:x; + z,x;) is Frobenius. Put
A < Z Ciy.ipLiq - - Izk> = C12..n-
i1 <o <ig

In a sense Frobenius algebras generalize group algebras. For example, if T €
Homy (X, Y) for two k (G)-modules X and Y then

T = Zng_l € Homg (X,Y).
geG
This idea of taking average over the group is very important in representation theory.
It has an analog for Frobenius algebras.
Choose a basis eq, . .., e, in a Frobenius algebra A. Let fi,..., f, be the dual basis,
ie.
(2.1) (firej) = bij-

Every a € A can be written

(2.2) a = Z (fi,a)e; = Z (a,e;) fi-

and

(2.3) Zaei ® fi = Z (fj,ae)e; @ fi = Z (fja,ei)e; @ fi = Zej ® fia.

Lemma 2.4. Let X and Y be A-modules, T € Homy, (X,Y). Then T =Y e;Tf; €
Homy (X,Y).
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Proof. Direct calculation using (2.2) and (2.3).
UJ

Example 2.5. If A = k (G), the dual bases can be chosen as {g} ., and {g7'} ¢
Hence T =Y gTg~".

In Frobenius algebra one can use the following criterion of projectivity.

Theorem 2.6. An A-module X is injective (hence projective) if there exists T' €
Endy (X) such that T = Id.

Proof. First, assume the existence of 7. We have to show that X is injective, in
other words, for any embedding e: X — Y there exists 7 € Homy4 (Y, X) such that
moe = Id. There exists p € Homy (Y, X) such that poe = Id. Put 7 = > e, Tpf:.
Then for any x € X we have

Zeszfz Zez (pe (fix)) = ZeiT (fix) =Tz =

Here we use fi»s = ¢f;. By Lemma 2.4 m € Homy (X, Y).
Now assume that X is injective. Define the map 6: X — A ®; X by the formula

= Zei ® fix.

Then f € Homy (X, A®, X) by (2.3). It is obvious that f is injective. Thus, we
may consider X as a submodule of X, moreover X is a direct summand because X is
injective. So we have a projector 7: A®; X — X. Let S € Homy, (A ®; X, A Q@ X)
be defined by the formula

Sla®z)=(l,a) 1l ®x.
Then
S(a® ) Zel (fia®x) = Z(l,fia>6i®:822(fz,> Qr=a®x
due to (2.2). Put T =70 So04d. Then T = Id. O

3. RELATIVE PROJECTIVE AND INJECTIVE MODULES IN GROUP ALGEBRA
Let H be a subgroup of a group G. A k (G)-module X is H-injective if any exact
sequence of k (G)-modules
0—-X—-Y—>272—- 0,
which splits over k (H), splits over k (G).
In the similar way one defines H-projective module.

Let {g1,...,g-} be a set of representatives in the set of left cosets G/H. For any
k (G)-modules X,Y, and T' € Homy (X, Y) put

T = ZgiTgi‘l

Prove yourself the following
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Lemma 3.1. T does not depend on a choice of representatives and T € Homg (X, Y).

Theorem 3.2. The following conditions on k (G)-module X are equivalent
(1) X is H-injective;

(2) X is a direct summand in Ind$, X;

(3) X is H-projective;

(4) There exists T € Endy (X) such that T = 1d.

Proof. This theorem is very similar to Theorem 2.6. To prove 1 = 2 check that
§: X — Ind% X defined by the formula

s =3 gog ',

defines an embedding of X. By injectivity X is a direct summand of Indg X.
To prove 3 = 2 use the projection Indg X — X defined by g ® x — gx.
Now prove 2 = 4. Define S: Ind% X — Ind% X by

5(291'@:&) =1®uz,

here we assume that g, = 1. Check that S € Endy (Indg X) and S = Id. Then
obtain T'= 70 S 04, where 7: Ind$ X — X be the projection such that 7o ¢ = Id.
Prove yourself 4 = 1 and 4 = 3 similarly to the first part of the proof of Theo-

rem 2.6.
]

The following corollary is important for us. Let p be prime. Recall that if |G| = p°r
with (p,r) = 1, then there exists a subgroup P of order p®. It is called a Sylow
subgroup. Two Sylow p-subgroups are conjugate in G.

Corollary 3.3. Let chark = p and P be a Sylow p-subgroup. Then every k (G)-
module X is P-injective.

Proof. We have to check condition (4) from Theorem 3.2. But r = [G : P] is invertible
in k. So we can put T' = %Id. O

4. FINITELY REPRESENTED GROUP ALGEBRAS
Let chark = p, |G| = p°r with (p,r) = 1.

Lemma 4.1. Let H be a cyclic p-group, i.e. |H| = p*. Then there are exactly p®
isomorphism classes of indecomposable representations of H over k, exactly one for
each dimension. More precisely each indecomposable L,, of dimension m < p° is
isomorphic to k (H) / (g —1)™, where g is a generator of H.

Proof. Since k (H) = k[a] /aP", where a = g — 1, the corresponding quiver is the
loop quiver with one relation o”” = 0. Hence « is a nilpotent Jordan block of order
< p. 0]
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Theorem 4.2. If a Sylow p-subgroup of G is cyclic, then k (G) is finitely represented.
Moreover, the number of indecomposable k (G)-modules is not greater than |G|.

Proof. By Corollary 3.3 every indecomposable k (G)-module is P-injective. There-
fore, any indecomposable X is a direct summand in Ind$ L; for some i. Clearly,
the number of such direct summands is finite. Now we will obtain the upper bound
on the number of indecomposable representations. Let X be an indecomposbale
k (G)-module, then by injectivity of X, X is a direct summand in Ind$ X. De-
compose X into a direct sum of indecomposable k (P)-modules, then X must be a
direct summand in Indg L; for some P-indecomposable summand L; of X. Hence
dim X > dimL; = 7. So if dimX = ¢, then X can be realized as a summand in
Ind$ (L;) for some j < i. To calculate the total number of non-isomorphic inde-
composable k (G)-modules, we can count in each Ind$ L; only indecomposable k (G)-
components of dimension > i since others are realized in Indg L; for j < i. Since there
is no more than r such components for each ¢, the total number of non-isomorphic
indecomposable k (G)-modules is not greater than p°r = |G/. O]

Lemma 4.3. If P is a non-cyclic p-group, then P contains a normal subgroup N
such that P/N = Z, X Z,.

Proof. It P is abelian, the statement follows from the classification of finite abelian
groups. If P is not abelian, then P has a non-trivial center Z, and P/Z is not cyclic.
The statement follows by induction on |P]. O

Lemma 4.4. The group S = Z, x Z, has an indecomposable representation of
dimension n for each n € Zx>g.

Proof. Let g and h be two generators of S, « = g —1, 3 = h— 1. Then A =
k(S)/(a? 3% af, Ba) is the subalgebra of k(Q) for Kronecker quiver (). In par-
ticular, one can see easily that every indecomposable representation of () remains
indecomposable after restriction to A. This implies the Lemma. 0J

Theorem 4.5. If a p-Sylow subgroup of GG is not cyclic, then G has an indecompos-
able representation of arbitrary high dimension.

Proof. By Lemma 4.3 and Lemma 4.4, P has an indecomposable representation Y
of dimension n for any positive integer n. Decompose Ind$Y into direct sum of
indecomposable k (G)-modules. At least one component X contains Y as an inde-
composable k (P) component. Hence dim X > n. O

Corollary 4.6. The group algebra k (G) is finitely represented over a field of char-
acteristic p iff a Sylow p-subgroup of G is cyclic.



FINAL EXAM
MATH 252

Choose and solve one problem from the list below. The exam is due December 14.

Problem 1. Let PSLy (F,) be the quotient of SLy (IF,) by the center. Compute
the table of irreducible characters for the group PSLs (F,) over C.

Problem 2. Let k£ be algebraically closed of characteristic 0, G be a finite group,
K be a subgroup. The Hecke algebra H (G, K) is the subalgebra of the group algebra
k(G)

H (G, K) ={u € k(G) |hiuhy = u for any hy,hy € H} .
(a) Show that dim H (G, K) equals the number of double cosets K\G/K.

(b) Show that H (G, K) is commutative iff the multiplicity of any irreducible rep-
resentation of G in Ind% (triv) is not greater than 1.

(c) Prove that H (G, K) is commutative for G = Sp4,, K = 5, X S,.

(d) Describe H (G, K) for G = GL3 (IF,), K being the subgroup of upper triangular
matrices.

Problem 3. Let GG be the group of symmetries of an n-dimensional cube in R”.

(a) Classify irreducible representation of GG. Hint: show that G is a semi-direct
product of S,, and the normal subgroup H, isomorphic to Z, and use induction from
H.

(b) Let p be the permutation representation of GG induced by the action of G on the
set of vertices of an n-dimensional cube. Decompose p into the sum of irreducibles.

Problem 4.

(a) Let R be aring, S be a subring. Show that if P is a projective S-module, then
Ind? P = R®g P is a projective R-module.

(b) Let p be a prime number. Describe projective indecomposable and irreducible
representations of S, over [F,. Hint: use induction from S,_;.

(c¢) For p =5 find dimensions of all irreducible representations.

Problem 5. Show that the Coxeter functor ®* coincides with the functor 7 defined
in Crawley-Boevey lectures (page 22), i.e. ®* (X) =DExt! (X, k (Q)) for any X.

A

Problem 6. Choose your favorite affine quiver different from A,, (if you choose

f)n do it for all n) and your favorite orientation. Describe all indecomposable repre-
sentations, regular simple representations and tubes.

Date: November 26, 2005.



SOLUTIONS OF SELECTED HOMEWORK PROBLEMS
MATH 252

Problem. Let G be the group of matrices

1 z vy
01 2
0 0 1

where x, y, z are elements of the finite field F5. Classify irreducible representations
of G over C.

Solution. There are 5 conjugacy classes with one element
1 0y

010
0 01

Y

for any y € F5 and 24 conjugacy classes, each has one representative

1 =z 0
01 =z
0 0 1

for some z,y € F5 such that x # 0 or y # 0. Let H = [G,G]. Then H coincides with
the center of G and consists of matrices

1 0y
010
001

Y

Ther is 25 one-dimensional representations, obtained from the representation of
G/H = Zs X Zs. The remaining four representations have dimension 5, and can
be obtained by induction from the subgroup K of matrices

Let u € F} and x,, (M,,) = e2mwi/5  Then Pu = Ind% X« has dimension 5, p, 2 p, if
v # u, since the action of the center is different. Finally

<Xﬁu’ XPu>G = <R€SK Xpu> Xu>K = Z <Xtu> XU>K = 17
teFs

Date: November 29, 2005.
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where x! (M) = Xu (Mg yiat). That proves irreducibility of each p,. Alternatively,
one can prove that p, is irreducible by assuming the contrary. Then a subrepresen-
tation must have dimension 1 (divides the order of the group), but this is impossible
since p, (H) # 1.

Problem. Let G be a finite group, r be the number of conjugacy classes in GG
and s be the number of conjugacy classes in G preserved by the involution g — ¢~ *.
Prove that the number of irreducible representations of GG over R is equal to Tzﬁ

Solution. Let x be an irreducible character of G over C. If x (¢) € R for all g € G,
then there is one irreducible representation of G over R with character y (real) or
2x (quaternionic). If x(g) ¢ R at least for one g, then the pair x and Y produce
one irreducible representation of G over R (complex) with character x + y. Hence
if m is the number of irreducible representations of G over R and p is the number
of irreducible characters ¢ such that ¢ (g) € R for all g, then m = p 4 52 = %.
Define the linear operator 1" on the space of class functions by the formula Ty (g) =
©(9)+¢(g7"). Then tk T = s+ 5% = 2. On the other hand, if ¢ is an irreducible
character, then ¢ (g) = ¢ (g7'), hence T (p) = ¢ + @. Since irreducible characters
form a basis in the space of class function, one obtains rk 7" = m.

Problem. Let R be the algebra of polynomial differential operators. In other

words R is generated by x and % with relation

0 0

%l’—l’%:

(The algebra R is called the Weyl algebra.) Let M = C[x] have a structure of R-
module in the natural way. Show that Endg (M) = C, M is an irreducible R-module
and the natural map R — Endc (M) is not surjective.

Solution. Note that 1 generates M and if f € Endg (M) then f(p) = pf (1)
for any p € M. But 2 (f(1)) = 0. Hence f (1) = ¢ for some ¢ € C. Therefore
Endg (M) = C. On the other hand, every submodule of M contains 1, therefore
M is irreducible. Finally, note that every d € R has a finite-dimensional kernel.
Therefore End¢ (M) # R.

Problem. Let R be the subalgebra of upper triangular matrices in Mat,, (C). Clas-
sify simple and indecomposable projective modules over R and evaluate Exty, (M, N)
for all simple M and N.

Solution. Let E;; denote the elementary matrix with 1 in one place. Then
primitive idempotents are E;, ¢ = 1,...,n. Indecomposable projectives are P, =
RFE;;. Note that P; is isomorphic to the maximal submodule of P;;;. Hence simple
modules are S; = P;/P;_1, if we put Py = 0. Thus, the complex

1.

0—FP1—F—0

is a projective resolution of S;. Hence Ext* (S;, ;) = 0 if k¥ > 1. Now use that
Hompg (P, S;) = C and Hompg (P, S;) = 0 if @ # j, because each P, has a unique
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simple quotient isomorphic to S;. Thus, we obtain Hompg (5;,S;) = 0 if ¢ # j,
HOHIR (SZ, SZ) = C, Eth (SZ, Sj) =0ifs 7é ] + 1, Eth (Si—l—h SZ) =C.

Problem. Let @ be a connected quiver and & (@) be the path algebra of ). Show
that the center of k(Q) is isomorphic either to k, or to k[z], and that the latter
happens only in the case when () is an oriented cycle.

Solution. Let ¢ be an element of the center of k (Q)). Without loss of generality
we may assume that ¢ is a linear combination of paths of the same length. Assume
that there is an element of the center ¢ of non-zero degree (recall that degree is the
length of a path). Write ¢ = ) ¢;;, where ¢;; = e;ce;.

First, we claim that ¢;; = 0 if ¢ # j. Indeed, if ¢;; # 0, then e;c = ce; implies
eicij € k (Q) e;, which is impossible.

Next, we claim that if ¢;; # 0 for one ¢, then ¢;; # 0 for all j. Indeed, assume
the opposite, then, since () is connected, there exists v = ¢ — 7 such that either
ci =0, ¢ # 0orcj; =0, ¢i; #0. In the former case e;yce; = yc; = 0 and
ejcye; = cj;y # 0, which contradicts yc = ¢y. Similarly, in the latter case e;yce; # 0,
ejcye; = 0. Contradiction.

Finally, let v and 0 € @ and s(y) = s(d) = i. Then ¢y = y¢ = ~y¢;; implies
cii € k(Q)~. By the same reason ¢; € k(Q)J9, which implies v = 6. In the same
way, if t () =t (), then v = §. Thus, if there is a central ¢ such that deg ¢ > 0, then
@ is one oriented cycle.

Assume first, that @ is not an oriented cycle. The any central element ¢ has degree
0, and therefore ¢ = > be;. If v =i — j, then ¢y = e implies b; = b;. But Q is
connected, hence by = --- = b,. That proves that the center of k(@) is isomorphic
to k.

Let k(@) be one oriented cycle of length n. Since we already proved that a central
element ¢ is a combination of cycles, n divides degc. A central element of degree sn
equals b ) sn-cycles, and hence the center is isomorphic to k [z], where z is the sum
of all n-cycles.

Problem. Let Rep (a,b, c) be the space of all representations of the quiver

o — @ <— 0
with dimension vector (a, b, ¢). List all orbits in Rep (a, b, ¢). Show that there is only
one open orbit. Describe the open orbit Ox in terms of decomposition of X into
direct sum of indecomposable representations.

Solution. A point Rep(a,b,c) is a pair of linear operators P: k* — k® and
Q: k¢ — k. An orbit is determined by three numbers, p = tk P, ¢ = rk(@Q and
r = dim(Im PNImQ), and we have p < min(a,b), ¢ < min(b,¢), r < min(p, q).
Positive roots corresponding to indecomposable modules are
a1 = (17070) ; Q2 = (07 170) , A3 = (0>0> 1) ’ ﬁl = a1+too, 62 = Qoto3, 7 = agt+atos,
and the decomposition of (P, ) into the sum of indecomposables is

(a=plan+(b-—p—qg+r)oaat(c—q)as+(p—7)Bi+(qg—7)Ba+17.
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By X, we denote the indecomposable representation of dimension v. Check that

indecomposable projectives are
Xp, = Ae1, X,, = Aey, Xp, = Aes,
and the projective resolutions of X,,, X,, and X, are
0— X4 =X — 0,0—=X,, — X, — 0,
0— Xo, — Xg, @ X, — 0.

Therefore,
Ext! (Xa,, Xo,) = Ext! (Xa,, Xa,) = Ext! (X,,, X3,) = Ext' (X

all other Ext! are trivial.
To determine the open orbit we find possible triples of positive roots without
mutual extensions.

{ah 617 ’Y} ) {Oég, 627 ’Y} ) {ab as, ’Y} ) {617 627 ’Y} ’ {617 627 OQ} .
The open orbit in Rep (a, b, ¢) is a combination of one of these triples, here x =
(a,b,c) :
(1) fa>b>c, then x = (a—b)ag + (b—¢) f1 + ¢v;
(2) fa<b<c thenx=(c—b)ag+ (b—a)pf+ av;
(3) If a,c > b, then z = (a — b) a1 + (¢ — b) ag + by;
(4) fa,c<ba+c>b,thenz=(b—c) B+ (b—a)Ba+ (a+c—b)y;
(5) If a,c,a+ ¢ < b, then x = afy + c¢fa+ (b —a— ¢) as.

a3>X51) = Ext' (X%Xaz) = k>
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